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THE COMPUTING TIME OF THE EUCLIDEAN ALGORITHM*

GEORGE E. COLLINSt

Abstract. The minimum, maximum and average computing times of the classical Euclidean
algorithm are derived. With positive integer inputs of lengths m and n, and with output (greatest com-
mon divisor) of length k, m = n = k, the minimum is shown to be codominant with n(m — n + 1)
+ k(n — k + 1), while both the maximum and the average are shown to be codominant with
nm — k + 1).
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1. Introduction. Knuth [11], Dixon [6], [7] and Heilbronn [8] have recently
investigated in considerable depth the average number of divisions performed in
the Euclidean algorithm for integers. Although many interesting questions re-
main unanswered, the relatively elementary result of Dixon in [7] already suffices
to completely determine the average computing time of the Euclidean algorithm
to within a constant factor, which is in any case dependent on the particular com-
puter used and inessential details of the implementation. Such a determination
of the average computing time of the Euclidean algorithm is the main result of
the present paper. The maximum and minimum computing times of the Euclidean
algorithm for integers will also be derived since, although their determination is
quite elementary, they have apparently not previously been published. These
computing times are all derived as functions of three variables, namely the lengths
of the two inputs and the length of the resulting g.c.d. (greatest common divisor).
Previous results on the computing time of the Euclidean algorithm ([2] and [11,
§4.5.2, Exercise 30]) have been limited to upper bounds on the maximum com-
puting time.

2. Dominance and codominance. The relations of dominance and co-
dominance between real-valued functions were introduced in [3], where they were
used in the analysis of the computing time of an algorithm for polynomial re-
sultant calculation. The related concepts and notation have subsequently been
adopted by several authors, for example, Brown [1], Heindel [9] and Musser
[12]. The definitions and some fundamental properties will be repeated here
since they will not yet be familiar to many readers.

If f and g are real-valued functions defined on a common domain S, we say
that f is dominated by g, and write f < g, in case there is a positive real number ¢
such that f(x) < c- g(x) for all xe S. We also say that g dominates f, and write
g > f. Dominance is clearly a reflexive and transitive relation. It is important to
note that the definition is not restricted to functions of one variable since the
elements of S may be n-tuples.
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2 GEORGE E. COLLINS

Knuth [10, pp. 104-108] defines f(x) = O(g(x)) in case there is a positive
constant ¢ such that | f(x)] < ¢-|g(x)|. As long as one is dealing only with non-
negative-valued functions, this formally coincides with the above definition of
f < g. Although Knuth implies that this definition is applicable only when f and
g are functions of one variable, he in fact uses it for functions of more than one
variable (e.g., [11, p. 388]) in a manner which is consistent with our definition.
Thus dominance is apparently a new notation and terminology but not a new
concept. Although Knuth discussed at length the logical weaknesses of the O-
notation, he chose not to abandon it in favor of the more natural notation of an
order relation.

If f < gand g < f, then we say that f and g are codominant, and write f ~ g.
Codominance is clearly an equivalence relation. If f < g but not g < f, then we:
say that f is strictly dominated by g, and write f < g. We may also say that g
strictly dominates f, and write g > f. Strict dominance is clearly irreflexive and
transitive. Whereas the O-notation has no counterparts for the codominance and
strict dominance relations, it will become apparent that these are important
concepts in algorithm computing time analyses. Furthermore, the O-notation
has a somewhat different meaning in asymptotic analysis than the one used by
Knuth (see, e.g., [5]).

If fand g are functions defined on S and S, is a subset of S, it will often be
convenient to write f < g on S, in case f; < g,, where f; and g, are the functions

fand g restricted to S;. Also,if S = §;, x --- x §,, a Cartesian product, we will
denote by f, the function f restricted to ({a} NS, x --- x §,) N S; that is,
flxa, oo, x) = fla, x5, -+, x,) for (a,x,, -+, x,)€S. Similarly we may fix any

other of the n variables of f.

Dominance and codominance have the following fundamental properties,
most of which were listed by Musser in [12].

THEOREM 1. Let f, f1, 1>, &, g, and g, be nonnegative real-valued functions on
S, and let ¢ be a positive real number. Then

@ f~df;

(b) if /i < grand f, < gy, then fy + [, < g + g, and f1 [, < 81825

(© if fy L gand f, < g then f, + f, < g;

(d) max(f,g) ~ f + g;

@ if l <fand1 <Lg, thenf + g < /g;

) if 1< f,thenf ~ [+ c;

(g ifS=S; x - xS,andaeS,, then f < gimplies f, < g,;

(h) if S=S,US,, thenf<gonS,;and f<gonsS,impliesf<gonS.

Proof. These properties follow immediately from the definition, except for
(e). To prove (e), apply (b) to f < f and 1 < g, obtaining f < fg. Similarly
g<fgsof+g</fgby(). B

3. Computing time functions. Let 4 be any algorithm, and let S be the set of
all valid inputs to A. In general, S will be denumerable, and its elements may be
n-tuples. We associate with A a computing time function t, defined on S, the
positive integer t,(x) being the number of basic operations performed by the
algorithm A when presented with the input x. This assumes that the algorithm
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is unambiguously specified in terms of some finite set of basic operations. Changing
the set of basic operations (as in reprogramming the algorithm for a different
computer) will result in changing the computing time function ¢,. Alternatively,
we could take the view that this represents a change in the algorithm. However,
if B; and B, are two sets of basic operations such that each operation in B, can
be performed by a fixed sequence of operations in B,, and vice versa, then the
computing time functions associated with B; and B, for any algorithm A are
codominant, and we will concern ourselves only with the codominance equivalence
class of t,. Thus the choice of basic operations is somewhat arbitrary. We assume
a choice which is consistent with any of the existing, or conceivable, random
access digital computers but, in order to avoid the triviality of finiteness, with a
memory which is indefinitely expandable.

The function ¢, is frequently too complex to be of interest for direct study.
Instead, we ordinarily decompose S into a disjoint union S = U S,, where
each S, is a nonempty finite set, S being a denumerable set. The choice of de-
composition is made on the basis of some prior knowledge or some conjecture
about the general behavior of ¢ ;. Relative to a decomposition ¥ = {S,,S,, S5, -}
of S we define maximum, minimum and average computing time functions,
ty,t; and t¥%, on & as follows, where |S,| denotes the number of elements of S, :

(1) t4(S,) = max t4(x),
@) (3(5) = min £,(x),
3) 4(S,) = { z rA(s)}/lsnl.

As an illustration, and in preparation for our analysis of the Euclidean algo-
rithm, let us consider the computing times of the classical algorithms for arith-
metic operations, that is, addition, subtraction, multiplication and division, of
arbitrarily large integers. We assume that all integers are represented in radix
form relative to an integral base > 2, as discussed by Knuth in [11, §4.3]. We
know that the computing times of these algorithms depend on the lengths of the
inputs.

Following Musser [12] we denote by Ly(a) the B-length of the integer a, that
is, the number of digits in the radix form of « relative to the base §. If [x] is the
ceiling function of x, the least integer greater than or equal to x, and |x] is the
floor function of x, the greatest integer less than or equal to x, we have

4) Ly(a) = [logg(la] + 1)1 = [logglal] + 1

for a # 0, and we define L;(0) = 1.

In most contexts the base f is fixed, and we write simply L(a) for the length
of a. The omission of the subscript is further justified by the observation that, y
being any other base, we have

(5) LB ~ LV’
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where Ly and L, are functions defined on the set I of all integers. In fact, we can
use the definition (4) when a is any real number, and we then have

6) Lg(a) ~1In(ja] +2) on R,

where In is the natural logarithm and R is the set of all real numbers, and (6)
clearly implies (5). The length function also has the following easily verified
fundamental properties (here I is the set of integers):

7 L(a + b) < L(a) + L(b) fora,bel,
8) L(ab) ~ L(a) + L(b) fora,bel — {0},
9) L([a/b]) ~ L(a) — L(b) + 1 fora,bel and la| = |b >0,
where [x] = [x] for x > 0 and [x] = [x]for x < 0.
THEOREM 2. (a) Let S = {(a;,---,a,):n>1 and a,,---,a,€l}. Then

L([ 72 a) £ Y75 L(a) on S.

(b) Let S ={(ay,~-,a)n=1 and ay,---,a,el —{—1,0,1}f. Then
L([]r_,a:) ~ Yr L(a;) on S.

Proof. L(ab) £ L(a) + L(b) for a,bel, so L([]i_,a) = Y. L(a;) by in-
duction on n, proving (a). To prove (b), assume first that 2 < |a < fforl < i < n.

Then
L( [ | ai)
i=1
1

so Y L(a) < (log, HL([]}- ,a;). Next, assume Ly(a;) > 2 for 1 <i < n, and
let l; = Ly(a ) Then

L([:Il ai) = log, (lj |ai|) 2 log, (f[ 'Bnﬂ)

v

08 I:[l la,| = (log, 2)log, []lai

i=1

M:

> (log, 2)log, 2" = (log, 2)n = (log, 2) ), L(ay),

i-

so " Lla) < 2L(J . ,a
Comblmng these two cases, we assume L(a;) = [ for 1 =i < mand L(a)) > 2
form+ 1< i £ n Then

La) < (log, ﬁ)L( 1 ai) ¥ 2L( Il a,)
i=1 i=m+1

< toesmfu{fla) o 11 i, J} < o f1 o

since L(a) + L(b) < 2L(ab) for a,be I — {0}.
As an immediate corollary of Theorem 2, we have

(10) L(a") ~ bL(a) fora,bel, laj =2 and b > 0.

-

1

1]

1
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If A, M and D are the classical algorithms for addition (or subtraction),
multiplication and division, respectively, as described in [11, §4.3], then we
clearly have

(11) tyla,b) ~ L(a) + L(b) fora,bel — {0},
(12) tmla,b) ~ L(a)- L(b) fora,bel — {0},
(13) tpla,b) ~ L(b)- L([a/b]) fora,bel and |a| > |b| > 0.

Thus, for these algorithms, the natural decomposition of the set S = {(a, b):
a,be I} consists of the sets S,,, = {(a,b):L(a) = m and L(b) = n}. If we write
t*(m, n) in place of t*(S,,,), and similarly for ¢~ and ¢*, then from (11), (12) and
(13), and using (9), we have

(14) tilm,n) ~ ty(m,n) ~ th(m,n) ~ m + n,
(15) ta(m, n) ~ ty(m,n) ~ t¥(m, n) ~ mn,
(16) tp(m,n) ~ ty(m,n) ~ tm,n) ~ n(m — n + 1) form > n.

Thus for these algorithms the maximum, minimum and average computing
times all coincide. This will not be the case for the Euclidean algorithm, to which
We now turn.

4. The maximum and minimum computing times. For simplicity, and without
loss of generality, we will consider the following version of the Euclidean algo-
rithm, for which the permissible inputs are the pairs (a, b) of positive integers
with a > b. The output of the algorithm is the positive integer ¢ = g.c.d.(a, b).

ALGORITHM E.

Step 1. [Initialize.] ¢ « a;d « b.

Step 2. [Divide.] Compute the quotient ¢ and remainder r such that ¢ = dg
+ rand 0 < r < d, using Algorithm D (classical algorithm for division).

Step 3. [Testforend.] ¢ « d;d « r;ifd # 0, go to Step 2.

Step 4. Return.

This algorithm computes two sequences, (a,d,, -, &4+,) and (q;,q,,
=+, qp), such that a, = a, a, = b, a; = q,4;, | + a;,, with 0= q;,, < a;,, for
l<i<land a4, =0.4a,, -, a., are the successive values assumed by the
variable ¢, and ¢, ---, g, are the successive values assumed by the variable g.
(ay, -+, a;,,) is called the remainder sequence of (a,b) and (q,,---, q,) is called
the quotient sequence of (a, b). Steps 2 and 3 are each executed I times ; this is the
number of divisions performed, which we denote by D(a, b).

By (13), the computing time for the ith execution of Step 2 is ~ L(g;)L(a; + ).
The computing time for the ith execution of Step 3 is certainly dominated by
L(a;4 ;) since it at most requires copying the digits of a;,; and a;,,. In an im-
plementation of the algorithm in which a large integer is represented by the list
of its digits (e.g., [4]), such copying is unnecessary, and the computing time for
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each execution of Step 3 is ~1. For the same reason, we will assume that the
single executions of Steps 1 and 4 have computing times ~1. We then have

(17) tg(a, b) ~ Z L(g)) - L(@a;+ 1)

If instead we were to assume that copying is required in Steps 1 and 3, (17) would
still hold after adding L(a,) to the right-hand side. But L(a;) ~ L(q,) + L(a,)
< L(q)L(a,), so (17) holds in any case.

From (17) we will derive the maximum, minimum and average computing
times of Algorithm E, by analyzing the possible distributions of values of the g;
and ¢;, obtaining the codominance equivalence classes of these computing times
as functions of L(a), L(b) and L(c). Thus we consider the decomposition of S
into the sets

(18) Sk = {(a,b):L(a) = mand L(b) = n and L(g.c.d.(a, b)) = k},

with m > n = k > 1. We may verify that each set S,, , , is nonempty as follows.
If m =k, then (8™~ ', f" 1) €S, ux-1fm >k, leta= """+ - 'and b = g
Then ¢ = g.cd.(a,b) = [3" ', L(a) = m, L(b) = n and L(c) = k, so (a,b) € S,, -
As above, we will write t7 (m, n, k) in place of t5 (S,, ,.,), and similarly for ¢z and t}.
THEOREM 3. tf(m,n k) <n(im — k + 1).
Proof. Since b = a, > a3y > --- > a,,;, we have by (17) that

i
(19) tg(a, b) < L(b) Y. L(gy).
i=1

Since L(q;) < L(g; + 1) and g, = 2 we obtain, by Theorem 2,

! -1
(20) Z L(g,) < L(‘h 1@+ 1))-

i=1
Since a; = qalJrl + a;., > qi0;4, + a;4,, we have ¢, + 1 < a;/a;,, for
i <, and hence [[:Z}(¢; + 1) < a,a,/aa,+,. Combining this with ¢, = a,/a,,
yields
-1

(21) q [] (g + 1) < ab/c>.
i=1

Since L(ab/c?) £ L(a*/c?) ~ L(a/c) ~ L(a) — L(c) + 1, (19), (20) and (21)
yield

(22) tgla, b) < L(b){L(a) — L(c) + 1},

from which Theorem 3 is immediate. W

We now proceed to prove that tg(m,n, k) ~ n(m — k + 1), for which pur-
pose we need the following two theorems.

THEOREM 4. tg(a, b) > D(a, b){D(a, b) + L(g.c.d.(a, b))}.

Proof. Let (q,,--, q) and (a,, ---, a,,,) be the quotient and remainder
sequences of (a, b), ¢ = g.c.d.(a, b) and k = L(c). By (17),

1
23) (0. b) = Y. Liay.
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Since a;,, =0, a4y =c and a; = qa;4| + Ai43 = ;41 + i4,, @ simple
induction shows that a,.,_; > c¢F;, where F; is the ith term of the Fibonacci

sequence defined by F, =0, F, =1 and F,., = F, + F;,,. But [10, p. 82]
Fioy = ¢'\/5, where ¢ = (1 + /5)/2, and ¢* > /5 50 F;, 5 > ¢'. Hence

1+1 -2

. | —
Z L(a) = Z logs (¢F) = lloggc) + Y logs ¢' > l(logs ¢) + ( 5 )(log,, ¢).
i=1

i=1 i=

Sofork > 2and [ > 4,
1
Y Lia) = = kl+—(log,,d)12>kl+ 12,
i=1

while for k = 1 and [ > 4,

I
1
Z L(a) = 1~6—(logﬂ P> 1 ~ kl + 2.

For! <3,%!_ L(a;) = L(c) = k ~ kI + I*. So by Theorem 1, part (h),
> ki + [* for all k dndl proving the theorem, since [ = D(a,b). B

By an application of Theorem 4, together with an elementary construction
utilizing the generalized Fibonacci sequences F™ defined by F§' = 1, F{" = h
and F", = F" 4+ F") |, one can obtain a proof that ¢ (m, m, k) > nim —k + 1).
However, we will abstain from this construction, obtaining the result instead
as a corollary of our analysis, in § 5, of the average computing time. Hence we
proceed next to derive the minimum computing time of the Euclidean algorithm.

THEOREM 5. tgz(m,n, k) ~nm —n + 1) + k(n — k + 1).

Proof. By(17),tg (m, n, k) > L(q,)L(a,) ~ n(m — n + 1).Sinceq; = |a;/a;+ |,
we have ¢, > a;/a;,, and so [[\_,(q; + 1) > []\ (ai/ai+,) = a/c. By (17),

L(a,)

i=1

! I I
tyla,b) ~ Y L(g)L(a;+,) = L(c) Z L(g;) ~ L(c) Z L{g; + 1)

i=1 i=1 i=1
> L(c)L(a/c) = L(c)L(b/¢) ~ L(c){L(b) — L(c) + 1}.

Hence tz(m,n k) >k(n —k + 1) and by Theorem 1, part (c), tg(m,n,k)
>nm—n+ 1)+ k(n — k + 1).
If n=kleta=p"""and b= p""' so that ¢ = "' and D(a,b) = 1. By
(17), this shows that tz(m,n, k) <nim —n + 1) <nm —n + 1) + k(n — k + 1).
Ifn>k leta=p""'+p"'and b=p""", so that ¢ = 7!, L(a) = m
and D(a,b) = 2. Then by (17), tz(m,n k) <nm —n + 1)+ k(n — k + 1) for
n > k. Application of Theorem 1, part (h), concludes the proof. B

5. The average computing time. As observed in the proof of Theorem 4, if

a=b and (a;,a,, ", a41,a;4,) is the remainder sequence of (a,b), then
a=F., = ¢'\/5. Since e >+/5, we have [In ¢ = (Ina) + 1. That is,
(24) D(a,b) < (In ¢) *(Ina) + 1),

with (In ¢) "' = 2.078 - - - . Dixon established in [6] that for every ¢ > 0
(25) ID(a,b) — tlnal < (Ina)'/?**
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for almost all pairs (a,b) with u > a > b > 1, as u — o, where
(26) t=12n"2In2,

and we have t = 0.84276 -- - . By more elementary means, Dixon proved in [7]
the weaker result that

27) D(a,b) z z1n

for almost all pairs (a,b) withu > a = b = | as u —» co. In the following, we will
show how Dixon’s weaker result can be used to prove that the average computing
time of the Euclidean algorithm is codominant with its maximum computing
time of n(m — k + 1). Before proceeding to the det~iled proof, however, we shall
present an intuitive sketch.

It is a well-known result (see [11, §4.5.2, Exercise 10]) that the proportion
of pairs (a, b) with u > a > b > 1 for which g.c.d.(a,b) = 1 approaches 6z~ >
u — oo, We will first generalize this result to the pairs (a,b) withu >a > b > v
asu — v — o0. Next we set u = B"¥*1/2 and v = p"* and conclude, combining
this result with Dixon’s, that, for n — k large, at least half of the pairs (a, b) for
which u > a > b > v satisfy both g.c.d(a,b) = 1 and D(a,b) > 7Ina. For each
pair satisfying these conditions and each ¢ with 7! < ¢ < B¥~'/2) we obtain a
pair (@, b) = (ac, be) with g.c.d.(a, b) = ¢, L(a) = L(b) = n and L(c) = k. If m > n,
then from each pair (a,b) we obtain at least 1™ ~" pairs (a, b) of the form
(ag + b, b) for which L(a@) = m and these also satisfy L(b) = n, L(g.c.d.(a,b) =
and D(@,b) > +1n p"~* The pairs (@, b) so obtained constitute at least 0.004p~ 2
of all pairs in S, ., and t4a,b) >n(m — k + 1) for all (4, b), so t¥(m,n, k)
>n(m — k + 1)forn — k > h,say. But it is trivial that tf(m,n, k) > nim — k + 1)
for n — k < h for any constant h, and so t§(m, n, k) ~ n(m — k + 1).

THEOREM 6. Let u and v be positive integers with u > v, let w = u — v, and let
q be the number of pairs of integers (a, b) such thatu > a,b > vand gc.d.(a, b) = 1.
Then |g/w? — 6/n?| < 2((Inu) + 1)/w + u/w? + 1/u.

Proof. Let v, be the number of integers a such that kla and u > a > v. Then

(28) v, — wik| < 1,

and v} is the number of pairs (a, b) for which k|g.c.d.(a,b) and u > a, b > v. By the
principle of inclusion and exclusion,

(29) q= Z kv,
k=1

where u is the Mobius function. By (28),
(30) v — w2/k?| < 2w/k + 1.

Multiplying (30) by u(k)/w? and summing, we have, by (29),

G31) aw® — 3 (kY2 < 2Hulw + ufw?,
k=1
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where H, is the harmonic sum Y “_, 1/k. Using

(32) Y uk)/k* = n2/6
k=1
together with (31) yields
(33) lg/w? — n?/6] < 2H,/w + u/w* + Y 1/k%.
k=u+1

But Y, 1/k* <[*x"*dx = 1/u, and H, < (Inu) + 1, which establishes the
theorem after substitution in (33). B

THEOREM 7. There is a positive integer h such that for n — k > h, there are at
least 0.022"~ 2K+ 1 pairs (a, b) for which B **'?* > a2 b = "% gcd(a, b) = 1
and D(a,b) > 5Ina.

Proof. Set u = [p"**Y21 v =p""% w=u— v Since lim,_,., (u/w)
=1 -7Vt <(1 - 1/\/2)’1 < 4, it follows from Theorem 6 that

lim (g/w?) = 6/n.

n—k— o

Since 6/n* > 0.6 and g.c.d.(a, b) = g.cd.(b,a) there exists an h, such that for
n — k> h,, there are at least 0.3w? pairs (a,b) for which u > a > b > v and
g.c.d.(a,b) = 1. By Dixon’s theorem there is an h, such that if n — k > h,, then
D(a, b) < 3 1n a for at most 0.05 pairs (a, b) with u > a, b > 1. Hence if
h = max (h,,h,) and n — k > h, there are at most iw? pairs (a, b) for which
u>a=bz=v gced(ab)=1 and D(a,b) = Ina. The theorem follows since
w2 (/B - D and (/B — /B = (2~ 122008 W

THEOREM 8. There is a positive integer h such that for n — k > h, there are at
least 0.0048™* "% pairs (a, b) such that a = b, L(a) = m, L(b) = n, L(g.cd(a, b)) = k
and D(a,b) = $1n "X,

Proof. Choose an h for which Theorem 7 holds. For every pair (a, b) satis-
fying Theorem 7 and every integer satisfying ™' < ¢ < g*~ /2, we obtain a
pair (ac, bc) with ac > be, L(ac) = L(bc) = n, L(g.c.d.(ac, bc)) = L(c) = k, and
D(ac, bc) = D(a,b) = 3lna > 3In p"~* The mapping f((a, b), c) = (ac, bc) thus

defined is one-to-one so there are at least

(0‘02B2n—»2k+1)(\/ﬁ _ l')ﬁk-—l > O'OOSﬁZn—k-l—l

pairs (a, b) with a > b, L(a) = L(b) = n, L(g.c.d(a, b)) = k and D(a, b) > Iinpnk
If m = n, this completes the proof; so assume m > n. For each pair (a, b) with
L(a) = L(b) = n, there are at least

B™ = B Dia) = (B" = B~ /B = (1 = p=Hpm "7t = 3"

pairs (aq + b,a) with L(ag + b) = m. Since g.c.d.(ag + b,a) = g.c.d.(a, b) and
D(aq + b,a) = D(a, b) + 1, we obtain at least (0.0088" “¥) (3™ ") = 0.004p™ "~ ¥
pairs (ag + b, a) for which ag + b = a, L(ag + b) = m, L(a) = n, L(g.cd.(ga + b,
a)) = kand D(ag + b,a) = 3Inp""* R
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THEOREM 9.  t(m, n, k) ~ t5(m, n k) ~ n(m — k + 1).
Proof. Let ¢; = min(1,%1n ). By Theorems 4 and 8, there exist h and
¢, > O such that

tpla,b) = c,D(a,b){D(a, b) + L(g.cd.(a,b)} = c,ci(n — k){c,(n — k) + k}
= cieyn(n — k)

for n — k > h and for at least 0.004p™*"~* elements of S,, . Every element of
Smnx is of the form (ac, be) with a < " %" b < B""** 1 and ¢ < B, $0 Spnx
has at most B"""7**? elements. Hence, t}(m,n, k)= 0.004cic,B™ *n(n — k)
~ n(n — k) for n —k > h. By Theorem S5, t§(m,n k) >nm—n+1)=>n
> n(n — k) for n — k < h. Hence by Theorem 1, part (h), ti(m, n, k) > n(n — k).
By Theorem 5, tfi(m, n, k) > n(m — n + 1) so by Theorem 1, part (c),

(34) tim,n, k) >=nn — k) + n(m — n + 1) = n(im — k + 1).

The conclusion of the theorem is now immediate from Theorem 3, (34) and the
obvious inequality t*(m, n, k) < t§(m, n, k).
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STACK REPLACEMENT ALGORITHMS FOR TWO-LEVEL
DIRECTLY ADDRESSABLE PAGED MEMORIES*

R.R. MUNTZ anp H. OPDERBECK ¥

Abstract. In this paper we consider the application of the stack algorithm concept to a two-
level paged storage hierarchy in which both levels are directly addressable by the central processor.
Since both levels are directly addressable, pages need not reside in the first level of memory for a
reference to be completed. The effectiveness of a page replacement algorithm in such a storage hier-
archy is measured by the frequency of references to the first level of memory and the number of page
promotions. It is shown that the stack algorithm concept can easily be extended to apply to two-
level directly addressable memory hierarchies. A class of page replacement algorithms called stack
replacement algorithms is defined. An cfficient procedure exists for collecting data on the performance
of stack replacement algorithms.

Key words. memory management, memory hierarchies, paging, stack algorithms

1. Introduction. The performance of a virtual memory system is to a large
extent determined by the efficiency of moving information between the different
levels of the physical memory hierarchy. In the case of two-level paging systems,
the page traffic between the two levels is one of the most important design factors.
Most of these systems use the page as the unit of information transfer, and refer-
enced information must be in the first level of the storage hierarchy for a reference
to be completed. This implies that whenever an information item is referenced
which is not in the first level, the entire page on which this information item resides
is transferred. Because of the locality of page references, this is in many cases an
efficient policy. However, there are usually some pages which are referenced
rather infrequently. For these pages it would be more efficient to transfer the
referenced information item directly to the CPU and leave the corresponding page
in the second-level memory. Memory hierarchies that use this strategy are called
two-level directly addressable paged memories. The IBM 360/67 installation at
Carnegie-Mellon University is an example of a computer system with this sort
of a memory hierarchy [2], [3], [5]. Developments in storage technology which
have made bulk core storage more economical make systems with two-level
directly addressable memories more and more likely.

In this paper the first level of the two-level directly addressable memory
hierarchy is assumed to be faster, smaller and more expensive than the second
level. The second level is assumed to be large enough to contain all of the program
and data.

The movement of a page from the second to the first level of memory will
be called a page promotion. The first level of memory is assumed to consist of a
fixed number, m, of page frames. Therefore page promotions and page replace-
ments always occur at the same time if the first level of memory is full. For two-
level directly addressable memories, the page promotion and page replacement
decisions are usually not chosen independently but are part of a single policy. In

* Received by the editors May 25, 1973, and in revised form September 7, 1973.
+ Computer Science Department, University of California at Los Angeles, Los Angeles, California
90024. This research was supported by the National Science Foundation under Grant GJ 809 and
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N00014-69-0200-4027, NR 048-129.
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referring to a policy we will use the term replacement policy (or algorithm) rather
than the more exact but clumsier term, ‘‘promotion/replacement policy”. Page
promotions may be done only “on demand”, i.e., a page in the second level of
memory is promoted only at a time when it is referenced, or in a nondemand
paging manner, i.e., pages may be promoted at any time.

Let N ={0,1,2,---, n} denote the set of pages for a given program. A
program’s dynamic behavior is, for our purposes, given by its reference string

® =ryr, -1, -+, where r, € N and r, is the tth page referenced for t = 1.
Let
6, = the time to reference the first level of memory,
0, = the time to reference the second level of memory,
A = the time to move a page from the second level of

memory to the first level of memory.

Let w be a given reference string and let |w| denote its length. Let n, denote
the number of references to a page which resides in the first level of memory, n,
denote the number of references to a page which resides in the second level of
memory, and n; denote the number of page promotions. Clearly, n; + n, = |o).
For a first level memory with given size, the average access time is given by
Ny-0y +ny-0, +n5-A

average access time = .
ny, +n,

We assume that m < nand that 6, < §, < A. The size of the first level of memory
and the policies that are used in managing the memory hierarchy will determine
ny, n, and n, for any given reference string.

The average access time is a common performance measure also for storage
hierarchies in which only the first level is directly addressable. However, there is
a much different set of policies from which to choose when both levels of memory
are directly addressable. There are two fundamentally distinct approaches that
can be taken in this case. First, a decision can be made a priori as to which pages
should reside in the first level. For example, an analysis of system code or pro-
duction programs could be used to determine which pages are most frequently
referenced and a decision made as to the level on which they should reside. The
second approach is to dynamically determine which pages should reside in the
first level based on some measure of the current frequency of reference to the
pages. This latter approach has been considered by some authors and seems to
hold some promise [1], [6]. Much more experimental work is necessary to
evaluate the efficacy of such dynamic management policies especially since they
often require additional hardware.

The purpose of this paper is to show how the stack algorithm concept [4] is
applicable to measurement studies of page replacement policies for a two-level
directly addressable paged memory hierarchy. As in the more usual case in which
only the first level is directly addressable, the stack algorithm concept can be
utilized to efficiently collect experimental data on the performance of a given
policy. A class of replacement policies called stack replacement algorithms is



STACK ALGORITHMS 13

defined. In one pass through a reference string, one can efficiently collect the
data (n,, n, and n,) necessary to evaluate the performance of the stack replace-
ment algorithm on this reference string for all sizes (number of page frames) of
the first level of memory. The procedure for processing a reference string and
collecting this data will be called a stack processing procedure.

In §§ 2 and 3 we consider two general classes of replacement rules for two-
level directly addressable memories. In § 2 the replacement rules are such that a
promotion of some page x may only take place as a result of a reference to page x
(“demand paging”). In § 3 we consider replacement rules in which promotions
and replacements take place at fixed intervals. Examples of both types of stack
replacement algorithms are given, and the corresponding stack processing pro-
cedures are described. It is also shown that these stack replacement algorithms
have the property that for any reference string, the number of references to the
first level (n,) is nondecreasing with the size of the first-level memory. The number
of page promotions (n,;), however, may increase with the size of the first-level
memory. This implies that the average access time may increase with an increase
in the first-level memory size.

2. Stack replacement algorithms using continuous updating. For any replace-
ment policy A4, let S,(4, m) be the set of those pages that would be in the first
level of memory at time t (just after processing r,) if there were m page frames in
the first level of memory. For the present we assume that pages can be promoted
to the first level of memory only when they are referenced (this is similar to de-
mand paging). Page replacements from the first level of memory are assumed to
take place only when the first level of memory is full and an additional page is
promoted to the first level. Thus, S,(A4, m) may only contain pages that have been
referenced up to time ¢.

A replacement policy 4 is a stack replacement policy iff

S(4,m) = S(4,m + 1)Vt,Vm, Vo,

i.e., iff the inclusion property is satisfied. If the inclusion property holds, then we
can define an ordered list of the | pages thus far referenced, S,(A4), such that the
first m pages in this list are the pages that comprise S,(4, m). Of course, if | < m
pages have been referenced up to time ¢, then S,(A4, m) is comprised of only those
I pages. S,(A4) is called the stack. If the stack algorithm A is understood, we simply
write S/(m) and §, for S,(A4, m) and S,(A), respectively.

If a page x has been referenced at least once up to time ¢, then it appears at
some position in the stack. Let D(x) denote the position of page x in the stack
just after processing reference r,. Following the usual notation, we let D,(x) = o0
if x has not yet been referenced.

As stated above, we assume that if a page is promoted to the first level of
memory at time ¢, then the page promoted is r,. If the first level of memory was
full, then some page must be replaced.

Let y(m) be the page replaced from the first level of memory of size m at
time ¢ (i.e., due to reference r,) if a replacement is made, or J if no replacement
is made. Clearly S(m) = S,_,(m) + r, — y(m).
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It is not difficult to show that the inclusion property holds iff
ym) or {S,_y(m+ 1) =S _(m)} ifr ¢S _,(m+1),
%) ifr,eS,_(m+1).

In words, the page replaced from an (m + 1)-page first-level memory is either the
page replaced from an m-page first-level memory or the additional page that is
in the (m + 1)-page memory but not in the m-page memory.

We now briefly review the stack processing procedure for a storage hierarchy
in which only the first level is directly addressable. For a demand paging algorithm
when only the first level of memory is directly addressable, we have

S,_1(m) ifr,eS,_,(m),

ifr,¢5, ,(m) and IS, ,0m)] <m,
St*l(m) +r = yt(m) if rtést—l(m) and |S,_1(m)| = m,

where, for any set S, |S| denotes the cardinality of S. Note that if y(m + 1) # &,
then y,(m) # . This follows since if y,(m + 1) # &, then |S,_(m + 1)l = m + 1,
which implies that at least m + 1 distinct pages have been referenced and there-
fore |S,_(m)| = m. Also r,¢S,_,(m) due to the inclusion property. This shows
the well-known property that the page fault rate for stack replacement algorithms
is nonincreasing with memory size if only the first level of memory is directly
addressable. Figure 1 shows the stack processing procedure for this case.

Sm) =9 S, y(m) + 1,

Pager €S, ,.D, , (v‘) =k Pager ¢S, ,.D,, (v') =00
I§¢.1|=7 l§-t-1'=7
.
S, (1 . T S, (M T
S, (2) > S,(2) S, (2) S.(2)
v, (3) v, (2)
S, (3 > S,(3) S,.,(3) S,(3)
y'(4) Y, (3)
S, (4) » S (4) S (4 S, (4)
T T y,(4)
! : S,.,(5) > S,(5)
1 T T '
S, (k1) s (k1) : |
3 5K S0 1) s
¥y (k-1)
S, (k+1) | S, (k+1) S, tr+1)
u | T vt
| | |
} ! ]
S, () » S

F1G. 1. Stack processing procedure with one level of directly addressable memory

Now consider the case in which both levels of memory are directly address-
able. There is no longer the condition that a referenced page which resides in the
second level must be promoted to the first level of memory. Now the decision as
to whether or not to promote the referenced page to the first level may be a
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function of the current priority of the referenced page and the priorities of the
pages currently residing in the first level. We assume that the current priority of
a page is equal to some measure of its frequency of use. The priority of a page x
at time ¢ will be denoted by p,(x).

The following general class of replacement policies is considered. We assume
there is a priority threshold PT, such that a referenced page is not a candidate
for promotion unless its current priority is at least PT,. Similarly, a page is not
a candidate for replacement unless its current priority is less than some threshold
PT,. If the referenced page is a candidate for promotion and several pages are
candidates for replacement, then the page with minimum current priority is
replaced. PT, and PT, are not necessarily constant thresholds but may depend on
the reference string. Some examples of such algorithms are in order.

Example 1. The referenced page always replaces the page with the lowest
frequency of reference.

PT, =0
PT, = w©

Example 2. The referenced page replaces any page with a lower priority (or
frequency of reference).
PT, =0
PT, = p(r)

Example 3. The referenced page is a candidate for promotion if it has a
current frequency of reference greater than or equal to K, (but can only replace
a page with a lower frequency of reference).

PT, = K, >0
PT. = p(r)

Example 4. The referenced page may be promoted only if its current frequency
of reference is at least K, but can only replace a page with a frequency of reference
less than K.

PT,=K,>0
PT, =K, <o

r

Example S. The referenced page r, is always a candidate for promotion, but
it can only replace a page y if p(y) < p{r,) — H. H is a constant which is chosen
to prevent rapid cycles of page x replacing page y, page y replacing page x, etc.

PT, =0
PT, = p(r) — H.
It is clear that for this class of algorithms,
(%] if p(r) < PT, or |[S,_(m) <m
ym) = or p(min [S,_,(m)) = PT,,

min [S,_,(m)] otherwise.



16 R. R. MUNTZ AND H. OPDERBECK

Here min [S,_,(m)] denotes the lowest priority page in S,_,(m). It is easy to
verify that y(m + 1) = y(m) or S,_,(m + 1) — S,_(m) or &J. However, note that
it is possible that y,(m + 1) # & while y, = &&. This can occur if p(min [S,_,(m)])
> PT, but p(min [S,_,(m + 1)]) < PT,. Thus the additional page in the (m + 1)-
page first-level memory is the only replaceable page in this case.

The stack processing procedure for this class of algorithms is very similar
to the stack processing when only the first level of memory is directly addressable.
If p(r) < PT, or if all pages with stack distance less than D,_,(r,) have priorities
greater than or equal to PT,, then there is no change in the stack. If r, does re-
place a page higher in the stack, say page x, then x is the page with the smallest
stack distance whose priority is less than PT,. Let page x be at stack distance [,
ie., D,_(x) = I The stack processing procedure is illustrated in Fig. 2.

Pager €8, 4. D 4(r) =k Pager ¢ S1q. Dpqlrd ==
18eq!=7 1S l=7
"t
8,1 ) S, 5,(1)
; T
! l
S, 1) —» 5,01 S,.4(81) > 5,01
X l" X | L’ I"
S, 1041) >a>—> 8, (8+1) S,.4(21) 8, (8+1)
T T \ (2+1)
i ! Sy (242) 5,(2+2)
1 y, (2+2)
S, k2) 8, (k-2) S,.4(2+3) 5,(2+3)
T % (2+3) T
S,.q (k1) s, (k-1) | !
P 5, (k) L) Y]
. ¥ (k-1) —
: I S r+1)
A 1 Y b7
) » s,

FIG. 2. Continuous stack processing with two levels of directly addressable memory

3. Stack replacement algorithms using batch updating. If only the first-level
memory is directly addressable, the processing is interrupted and the page re-
placement algorithm is applied whenever a page in the second-level memory is
referenced. In case of a two-level directly addressable memory, on the other
hand, the processing need not be interrupted when a page in the second-level
memory is referenced. Processing can continue by directly referencing the re-
quired information item in the second-level memory. Therefore we do not have
to apply the page replacement algorithm at each reference to the second-level
memory. The two levels of memory can be managed in a truly nondemand paging
manner.
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As an example, let us assume the page replacement algorithm is applied in
intervals of some constant number of references. After each interval, a replace-
ment of zero, one or more pages takes place. These replacements could be based
on statistics about reference frequencies gathered during the last one or more
intervals. Since each application of the page replacement algorithm may result
in the replacement of several pages, such an algorithm will be called a batch
updating page replacement algorithm.

Such a batch updating replacement algorithm has the following advantages.
The processing is interrupted less frequently, and therefore the overhead associated
with these interruptions is reduced. If the page transfer is controlled by a separate
storage channel, the processor can be switched to another process during the
page transfer. The frequency of this processor switching can be reduced if a
batch updating replacement algorithm is used. In addition, the implementation
of such a scheme appears to be simpler.

The conditions necessary for a batch updating page replacement algorithm
to be a stack replacement algorithm are different from those for continuous up-
dating. Let the batch replacement be initiated immediately after reference r,,
ie., S,_;(m) and S(m) are, respectively, the sets of pages in an m-page memory
immediately before and after the batch replacement. Further, let X (m) be the
set of pages which are promoted to the first-level memory and Y,(m) be the set of
pages that are replaced.

A batch updating page replacement algorithm is a stack replacement
algorithm iff

(1) X(m) < X(m+1)+z,
@) Y(m + 1) € Y(m) + z,
3) ifze X(m), then z ¢ Y(m + 1),

where z is the additional page in the (m + 1)-page memory, ie., S, (m + 1)
= S,_,(m) + z. (The proof is given in Appendix A.)

Now consider a batch updating page replacement algorithm with two fixed
thresholds PT, and PT,, i.e., only pages with a current priority less than PT, are
candidates for replacement and only pages with a current priority greater than or
equal to PT, are candidates for promotion. Also let PT, > PT;, ie., every pro-
moted page has a higher priority than any of the replaced pages. Let us assume
that for a given size of the first-level memory, there are r candidates for replace-
ment and s candidates for promotion. Consider the following batch replacement
policy:

1. If there are s candidates for promotion but only r < s candidates for
replacement, then the r candidates for replacement are replaced by the
pages with the highest current priority.

2. If there are r candidates for replacement but only s < r candidates for
promotion, then the s pages with the lowest current priority are replaced.

The proof that such a batch updating page replacement algorithm does not
violate any of the conditions (1)—(3), and that it therefore is a stack replacement
algorithm is given in Appendix B.
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The stack processing procedure for the case of fixed thresholds and batch
updating is a generalization of the case of continuous updating. It consists of a
sequence of stack updating operations as described in the previous section. This
shows informally that this batch updating page replacement algorithm is a stack
replacement algorithm since each step preserves the inclusion property. The
sequence of the individual stack updating operations is important since the
pages with the highest priorities are promoted if there are more candidates for
promotion than candidates for replacement.

Let us assume the stack contains s pages with a priority greater than or
equal to PT,. Further, let these s pages be denoted by x,, x,, - -+, x,_, x,, in de-
creasing priority order. The stack processing procedure consists of s “‘continuous-
type” updating operations. The first of these s operations is done as if page x,
had been referenced in the case of continuous updating with fixed thresholds
PT, and PT,. This transforms stack S, into stack S{", where ' is the time of the
most recent batch replacement operation. Thus ¢t — ¢’ is the time interval between
successive stack updating operations. Similarly, SV is transformed into S® by
updating SV as if page x, had been referenced, etc. This procedure results in s
intermediary stacks S, = SV, S, ... S¥ = § . These intermediary stacks need
not be distinct since any of the s individual updating operations may leave the
stack unchanged. After these s continuous-type stack updating operations, the
new stack, S,, is created. This stack then remains unchanged during the next
t — t' references.

To see that this stack processing procedure is correct, we give the following
informal arguments. Consider the set of pages in the first m stack positions (for
convenience we assume the stack contains at least m pages) and how this set of
pages changes as a result of the stack updating. As each of the pages in the se-
quence x,, X,, -+, X, 1s processed in turn, the following cases can occur:

1. IfD,(x;) < m, then no change is made to the set
of pages in the first m stack posi-
tions.

then page x; replaces the mini-
mum priority page in the set of
pages in the first m stack posi-

tions.

2. If D,(x;) > m and there is still a
replaceable page with stack dis-
tance less than or equal to m,

If D,(x;) >m and there are no
longer any replaceable pages with
stack distance less than or equal

then no change is made to the
set of pages in the first m stack
positions.

to m,

We simply note that as long as there are replaceable pages in the first m
stack positions, then processing a page x; with stack distance greater than m will
cause x; to replace the lowest priority page. Note that if we ever have case 3 (i.e.,
we have exhausted the replaceable pages) then the highest priority promotable
pages with stack distance greater than m have replaced all the replaceable pages.
This follows since the sequence x,, x,, - -+, x, is in decreasing order by priority.

Consider now the case where a page y is replaced by a page x iff p,(x) > p,(»)
+ H. If this rule is applied to a batch replacement procedure, the total number of
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replacements is clearly dependent on the sequence of individual replacements. To
preserve the inclusion property, the following stronger condition is needed for
the batch replacement algorithm:

p{min [X(m)]) > p(max [Y(m)]) + H.

In words, the priority of the page with the lowest priority among the promoted
pages must be greater than the constant H plus the priority of the page with the
highest priority among the replaced pages. The proof that this replacement
policy represents a stack algorithm is similar to the proof given in Appendix B.

The stack processing procedure in this case is similar to the stack updating
in the case of fixed thresholds, i.e., it consists of a sequence of continuous-type
updating operations. It is again important that the individual stack updating
operations are done in order of decreasing priority of the pages in the stack. This
guarantees that the stronger condition for the batch updating is satisfied and that
the pages with the highest priorities are promoted. The continuous-type stack
updating operation for some page x is done as if page x had been referenced in
the case of continuous updating with the thresholds PT, = 0 and PT, = p(x) — H.

4. Data collection. As in the more usual case in which only the first level of
memory is directly addressable, there is a general method of data collection which
can be applied to any stack replacement algorithm. We first consider determining
the number of references to the first level of memory (n,). This performance
measure corresponds to the success function as defined in [4]. It can be obtained
in the same way. That is, we keep a counter D, for each stack position (i = 1,2,
-+, n,00). Initially D; = O for all i. For every page reference the stack distance
of the referenced page is determined and the corresponding counter incremented
by 1. When the stack processing of the reference string is finished, the sum

{:lDi is equal to the number of references to the j-page first-level memory.
We obtain the fraction of references to the first level of memory by dividing this
sum by the total number of references. Since D; > 0 for all i, the percentage of
references to the first-level memory is a nondecreasing function of the first-level
memory size.

If only the first level of memory is directly addressable, every referenced
page which does not reside in the first level must be transferred to the first level.
The number of references to the second level of memory is therefore equal to the
number of page faults, i.e., ZZ‘:I. +Di + D,,. In the case of two-level directly
addressable memories, a reference to a page in the second level does not neces-
sarily cause a page promotion. The number of page promotions to a j-page first-
level memory can therefore not be derived from the final values of the counters D,;.

The number of page promotions (n,) can be obtained for all sizes of the
first-level memory in one pass through the reference string. For this purpose we
keep a second set of counters E; (i = 1,2, ---, n,00). Initially E; = 0 for all i.
These counters will be updated in such a way that Z?:; +1E: + E_ is equal to the
number of page promotions to a j-page first-level memory after the stack proc-
essing of the reference string. Let us assume that a page at stack position k is
moved up in the stack to position [ as shown in Fig. 2. This stack updating results
in a page promotion for the first-level memories of the size [,/ + 1,---, k — 1.
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We therefore have to increment the counter E, by 1. However, for the first-level
memories of the size 1,2, ---, [ — 1, this stack updating does not cause a page
promotion. Therefore, the incrementing of counter E, must be offset by dec-
rementing the counter E, by 1. The general rule for updating the counters is:
whenever a page is moved up in the stack, the counter for the stack position where
the page came from is incremented by 1 and the counter for the stack position
where the page is inserted is decremented by 1.

Since the counters E; are incremented as well as decremented, we can no
longer assume that E; = 0 for all i. As a result, the sum Z?=j+l E,+ E_ is in
general not a strictly nonincreasing function of j. Therefore an increase in the
size of the first level of memory may increase the number of page promotions.

Table 1 shows an example of the stack processing for a two-level directly
addressable memory. We consider the case of continuous updating with fixed
thresholds. The priority of a page x is given by the number of references to page x
among the last seven references divided by seven. As an initial condition it is
assumed that there were no references to any of the pages in the past. The initial
priorities are therefore all equal to zero. In this example, the fixed thresholds are
chosen arbitrarily to be PT, = 3 and PT, = 3.

The last column of Table 1 shows the final value of the counters D; and E;.
For a 1-page first-level memory, the fraction of references to the first level is §
and the number of page promotions is 5. For a 2-page first-level memory, the

TABLE 1
Example of a continuous stack processing procedure

PTp =1/7 PT, =3/7
Reference

String 1 2 3 1 1 1 1 2 2 3 3 ! 1 3 2

1 1 2 3 1 1 1 1 1 1 1 1 1 1 3 3

Stack 24 - 1 2 3 3 3 3 2 2 3 3 3 3 1 2

3 - - 1 2 2 2 2 3 3 2 2 2 2 2 1

Priority 1 |V/7 | V/7\V/7|2/7|3/7|4/75/7|4/7|b/7 |4/7{3/7\3/7|3/7\2/7{2/7
of 200 VW7 \V/T\ T\ VT T\ /T 2/72/7 \2/7|2/7)2/7|2/7|2/7{2/7
Pages 340 O | W/7{ W7\ V7 VT W7\ /T \ /T | V/7|2/7|2/7]|2/7|3/7 |3/7

D, o| 0] o0 0 ] 2|3 3 3 3 3 4 5 5 5
D, olofo|lo]o]oflo] o] 1|2 2] 21|33
Dy oo o1 1 1 1 2 | 2 | 3|3 3|33 ]|%4
0, V2 313|333 (3 (3 ({3 (3|3|3]3]3
£ -1 (-2 | -3 | -b (-4 | -4 | -4 | -4 |-4 |-k |-4 |[-4 }-4 |-5 |-5
E, o|lo|o]oflol|lo|of-1]-1]-21]-2]-2]-2]-1]|-2
E, 0|0 ] o] 1 1 Vb2 233 ]|3]|3]|3/|%4
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fraction of references to the first level increases to £&. However, the number of
page promotions also increases to 7. This shows that the allocation of an addi-
tional page frame may actually increase the number of page promotions.

5. Conclusions. The stack algorithm concept can be extended to the evalu-
ation of two-level directly addressable memory hierarchies. Measurement data
on the percentage of references to the first-level memory and the number of page
promotions can be collected for all sizes of the first-level memory in one pass
through the reference string. The stack replacement algorithms for two-level
directly addressable memory hierarchies can be used in a continuous updating
or a batch updating mode, i.e., the replacement can be made after each reference
or the updating can be deferred for some time, thus reducing overhead costs.
These evaluation techniques should be very helpful in the design of two-level
directly addressable memory hierarchies.

Appendix A. Proof of conditions for batch updating. The proof is given in
two parts.

1. Every stack replacement algorithm satisfies (1)—(3).

(1) Let ve X,(m) and v # z; therefore v¢S,_,(m + 1) because of the in-
clusion property. This implies ve X,(m + 1) since S,(m) < S (m + 1). The case
ze X (m) works trivially.

(i) Let ve Y(m + 1) and v # z; therefore ve S,_,(m) because of the in-
clusion property. This implies v e Y,(m) since S,(m) < S(m + 1)and v¢ S,(m + 1).
The case z e Y(m + 1) works trivially.

(11) If ze X,(m), then ze S,(m + 1) and therefore z ¢ Y(m + 1).

2. Every page replacement algorithm that satisfies conditions (1)~3) is a
stack replacement algorithm. Since the first-level memory is empty initially, the
inclusion property holds at time ¢t = 0. Therefore, we have to show that the in-
clusion property is preserved if the batch updating is done according to the
conditions (1)—(3). Let v e S,(m). We have to show that ve S,(m + 1).

(1) Let veS,_ (m); therefore v¢ Y(m) and v # z. Because of condition (2)
vé¢ Y(m + 1). But S,_,(m) < S,_,(m + 1) now implies ve S(m + 1).

(i) Let v eX,(m) and v # z; then ve X, (m + 1) because of condition (1),
and therefore ve S,(m + 1).

(i) Let ve X,(m) and v = z; therefore ve S,_,(m + 1). Because of condition
(3),ve¢ Y(m + 1), and therefore ve S(m + 1).

Appendix B. Proof for batch updating with fixed thresholds. Let min"[S,(m)]
denote that subset of S,(m) which is comprised of the r pages with lowest priority.
Let max" [S,(m)] be similarly defined for the highest priority pages in S,(m). The
sets X,(m) and Y(m) can now be defined as follows:

X,(m) = max" [N — §,_(m)],
Y(m) = min"[S,_,(m)],

where r is such that if x; is the ith page in N — S,_(m) in increasing priority
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order and y;, is the ith page in S,_,(m) in decreasing priority order, then
(4) pdx;) = PT,, 1
(%) py) < PT,, 1

(6) at least one of the conditions (4) and (5) is not satisfied fori = r + 1.

IIA
IA
uﬁ

IIA
lIA
\.‘

Since the inclusion property holds initially, we have to show that conditions
(1)—(3) are satisfied under the assumption that S,_,(m) < S,_,(m + 1).
Assume S,_ (m + 1) = S,_,(m) + z.

(1) X(m) < X(m+ 1) + z.

Let x;€ X,(m) be the ith page in N — S,_,(m) in increasing priority order.
Clearly, if x; = z, then condition (1) holds. If x; # z, 3 at least i pages in S,_(m)
with priority less than min (PT,, p,(x;)). Since S,_,(m) < S,_,(m + 1), the same is
true for S, _,(m + 1). Since there are less than i pages in N — S, _,(m) with priority
greater than p/(x;), it follows that x; € X (m + 1).

) Y(m + 1) S Ym) + .

Let y;€ Y(m + 1) be the ith page in S,_,;(m + 1) in decreasing priority
order. If y; = z, condition (2) obviously holds. If y; # z, 3 at least i pages in
N — S, ,(m + 1) with priority greater than p,(y;) and greater than or equal to PT,,.
The same is true for N — S,_,(m) since N —S,_(m+ 1) N —S,_,(m).
But there are less than i pages in S,_,(m) with priority less than p,(y,); therefore
V€ Y(m).

(3) if ze X ,(m), then z¢ Y(m + 1).

Let z = x;. Then 3 at least i pages in S,_,(m) with priority less than
min (PT;, p(z)). The same is true for S,_ (m + 1) since S,_,(m) = S,_ ,(m + 1).
However, there are exactly i — 1 pages in N — §,_,(m) with priority greater than
p(z). Since N — S,_,(m + 1) € N — S,_(m), there are at most i — 1 pages in
N — §,_,(m + 1) with priority greater than p/(z). Thus z ¢ Y(m + 1).
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PICTURE SKELETONS BASED ON ECCENTRICITIES OF
POINTS OF MINIMUM SPANNING TREES*

R. E. OSTEENY anp P. P. LIN}

Abstract. Special properties of the eccentricities of points of trees are developed. An algorithm
based on those properties is presented for the generation of all diametral paths of a given nontrivial
tree.

The algorithm is adapted for a certain picture processing application. Given a discrete spatially
quantized picture, a grey-distance is defined for neighboring picture cells to produce a graph with
weighted lines. A minimum spanning tree of a connected component of the graph is submitted to the
modified algorithm, which produces a skeleton of the picture object. The skeleton is further reduced
to a smaller tree with weighted lines, viz., the unique tree homeomorphic to the skeleton having no
point of degree two. This reduced skeleton with weighted lines constitutes a very compact repre-
sentation of the picture object, facilitating object classification.

Key words. eccentricity, diametral path, tree, graph theory, minimum spanning tree, picture
skeleton, feature extraction, picture processing

1. Introduction. A discrete spatially quantized picture is a matrix over a
finite set of grey levels. This paper is concerned with a more compact represen-
tation of the objects of such a picture for purposes of pattern classification.

A grey-distance is defined for neighboring picture cells to produce a graph
with weighted lines. A minimum spanning tree (MST) of a component of the
weighted graph is then found. A pruning process then is performed on the MST
to produce the object skeleton. Further substantial reduction in object rep-
resentation is achieved by replacing branches of the skeleton by suitably weighted
lines. The reduced skeleton—which is the unique tree homeomorphic to the
skeleton having no point of degree two—constitutes the input to an object recog-
nition or pattern classification process.

The remainder of the paper is organized as follows. First, theorems are
presented concerning the special properties of the eccentricities of points of trees.
These properties provide the basis for an efficient algorithm for the identification
of all the diametral paths of a given nontrivial tree. This algorithm is then modi-
fied for the present application, resulting in the tree pruning algorithm for use
on an MST of an object from a picture. The method is illustrated by means of
a chromosome picture.

2. Definitions and theorems. The following definitions and terminology are
as in Harary [2]. A graph G = (¥"(G), &(G)) consists of a nonempty finite set
¥°(G) of points and a set of lines £(G) = {¥"":¥"' = ¥(G) and |¥"| = 2}. (A line
{x,y} is commonly rendered more briefly as xy.) A walk in G of length n is a se-
quence of points of G,v,,v,, -, v,, such that v;,_,v,€ &(G) for each i = 1,2,
-++,n. A path in G is a walk in which no point has more than one occurrence,
ie,if i # j, then v; # v; for i,j = 0,1,2,---, n; a cycle in G is a walk of length

* Received by the editors January 11, 1973, and in revised form June 22, 1973. This work was
done at the University of Florida Center for Informatics Research. It was supported by the Office
of Naval Research through the Information Systems Program under Contract no. N00014-68-A-
0173-0001, NR 049-172, and by the Army Research Office, Durham, under Grant no. DA-ARO-D-
31-124-70-G92.

1 Electrical Engineering Department, Florida Institute of Technology, Melbourne, Florida 32901.
1 Bell Telephone Laboratories, New Brunswick, New Jersey 08903.
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greater than two in which v, = v, but no other point has a multiple occurrence,

ie,if0 <i<nandi#j thenv; # v;forj=0,1,---, n Gis a connected graph
in case each pair of its points are joined by a path. That is, if u € (G), ve ¥'(G),
and u # v, then there exists a path in G, v, v, -, v,, With v, = u and v, = v.

In a connected graph G = (¥/(G), 6(G)), the distance d(u, v) between points
u and v, is defined to be zero if u = v and to be the minimum of the lengths of
paths joining u and v otherwise. The eccentricity e(v) of a point v is the maximum
over points u of d(u, v). The center €(G) of G is the subset of ¥~ consisting of those
points (the central points) of least eccentricity. The radius R(G) is the least eccen-
tricity and the diameter D(G) is the greatest eccentricity of the points of G. A
radial path in G is a path of length R(G) from a central point to a point whose
distance from the central point is R(G); a diametral path in G is a path of length
D(G) joining a pair of points whose distance is D(G).

Atree T = (¥ (T), (T)) is a connected graph with no cycles. If |[#(T)| = 1,
T is the trivial tree; otherwise, T is a nontrivial tree. A leaf or endpoint of a non-
trivial tree is a point of degree one, i.e., a point adjacent to just one other point.
A nontrivial tree has at least two endpoints. #(T) denotes the set of all endpoints
of T. The periphery 2(T) of the nontrivial tree T consists of the points of T (the
peripheral points) having maximum eccentricity. Thus, e(v) = D(T) if and only
ifve AT).

Each pair of points of a nontrivial tree T are joined by a unique path. Con-

sequently, if x, y, ---, zis a path in T, if w # y and w is adjacent to x, then w, x,
y, -+, zis the path in T from w to z. From this follows that if d(u, v) = e(u), then
ve X(T).

If T has more than 2 points, then #(T) # ¥°(T), i.e., some points of T are
not endpoints. If x € #(T) and xy € 8(T), then e(y) = e(x) — 1. The removal from
T of the points of any subset of #(T) produces a subtree of T. For each point
x of T’, the subtree of T obtained by removing all the endpoints of T, €'(x) = e(x)
— 1, where ¢’ denotes eccentricity in T'. In particular, D(T') = D(T) — 2 and
R(T') = R(T) — 1.

Some other rather obvious consequences of the definitions are as follows,
where T is a tree of more than two points. Every peripheral point is an endpoint.
Each diametral path in T joins a pair of peripheral points. If u is a peripheral
point, there is a peripheral point v to which u is joined by a diametral path. T
has at least two peripheral points. The set of diametral paths of T coincides with
the set of paths of T of greatest length.

More pertinent properties are stated in the following theorems, whose
proofs are given in the Appendix.

THEOREM 1. Let T be a tree of diameter D(T), radius R(T) and center 6(T).
Then

(i) if D(T) is even, then €(T) is a singleton; if D(T) is odd, then €(T) consists
of a pair of adjacent points;

(ii) e(x) = R(T) + min {d(x, c):ce €(T)}, for any point x of T; and

(i) if xo, Xy, -+, Xpcr) is a diametral path in T, then for eachi = 0,1,2, ---,
D(T), e(x;) = max {i, D(T) — i}.

THEOREM 2. If ue ¥ (T) — €(T), then there is exactly one point v such that
uv € &(T) and e(v) = e(u) — 1.
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Because of Theorem 2, one can define on ¥ (T) — 4(T) the predecessor
function: pred(x) = ye ¥ (T) such that e(y) = e(x) — 1 and xye &(T). It is not
uncommon to represent a graph by the sequence of (deleted) neighborhoods of
the points, where the neighborhood 4'(x) of a point x consists of all those points
y such that xy € £(G). The predecessor function may then be specified as follows:
if xe V(T)— C(T), then pred(x) is the unique point ye .#(x) such that
e(x) = e(y) + 1.

Indeed, the predecessor function permits a very compact representation of a
tree. Let V(T) = {1,2, ---, p}. Then the domain of the predecessor function can
be extended to V(T) as follows: if x € €(T), then pred(x) = 0. This function, which
amounts only to an array of p numbers, uniquely specifies the tree, i.e., provides a
complete representation of the tree. (The possibility of such a compact representa-
tion is not astonishing, since &(T) consists of p — 1 lines.) The predecessor function
is illustrated below ; the first tree has a center of one point, the second has a center
of two points.

X pred(x)
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FiG. 1. Ilustrations of the predecessor function

With the aid of these theorems, a number of other propositions concerning
a tree T of three or more points may be readily proved. Each radial path in T
contains 4(T).If xand y are adjacent points not both in €(T'), then |e(x) — e(y)| = 1.
Thus if x ¢ €(T), then there is just one point y € A"(x) such that e(x) = e(y) + 1;
for each other point ze A47(x), e(z) = e(x) + 1. A path from a point u of length
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e(u) contains €(T); in particular, €(T) is contained in any diametral path. A
radial path joins a central point and a peripheral point. If d(u, v) = e(u), then
ve P(T). Suppose that A(T) « & < L(T) and let T' = T — o/, the subtree of
T obtained by removing from T each point of .7 ; then for each point x in T’,
€'(x) = e(x) — 1; in particular, R(T") = R(T) — 1 and D(T’) = D(T) — 2. Sup-
pose 3 < |2(T)|; there is a point x € Z(T) such that D(T — x) = D(T), (T — x)
P(T) — x, and €'(z) = e(z) for each point z of T' = T — x. Suppose xe L(T),
xye&(T), and 2 < deg(y); then D(T — x) = D(T), and €'(z) = e(z) for each
pointzof T' = T — x.

Furthermore, if D(T) is even, then R(T) = D(T)/2; if D(T) is odd, then
R(T) = (1 + D(T))/2 (a proof may be found in Ore [4]).

By means of the preceding, one may verify easily the following additional
properties. A path containing the center and joining a central and a peripheral
point is a radial path. A path containing the center and joining a pair of peri-
pheral points is a diametral path.

Finally, one has the following proposition (again, the proof is given in the
Appendix).

THEOREM 3. If x, y and z are distinct peripheral points of T and d(x,y) = D(T),
then d(x, z) = D(T) or d(y, z) = D(T).

Now, let T be a nontrivial tree of diameter D(T) with periphery #(T). Define
the binary relation Q on #(T) as follows: if x, y € (T), xQy if and only if d(x, y)
< D(T). Since d(x,x) =0 < D(T), Q is reflexive. Since d(x,y) = d(y,x), Q is
symmetric. Because of the preceding theorem, Q is transitive. Hence, Q is an
equivalence relation.

Suppose now that €(T) consists of two points, a and b. Since ab € (T) and
T has no cycles, for no point x is d(x, a) = d(x, b). Define

R, = {x:xe AT), d(x,a) < d(x,b)},
and
R, = {x:xeAT), d(x,b) < d(x,a)};

clearly, 2(T) is the disjoint union of %, and #,. Suppose u, ve #,. Then d(u, a)
= dv,a) = du,b) — 1 = R(T) — 1 = (D(T) — 1)/2. Since d is in fact a metric,

d(u,v) = (X(T) — 1)/2) + (D(T) = 1)/2) = D(T) — 1 < D(T),

so that uQu. Similarly, if u,ve %, uQv. On the other hand, suppose u e #, and
veR,. Then d(u, a) = (D(T) — 1)/2, d(v, b) = (D(T) — 1)/2, d(a, b) = 1; and since
u and v are joined by just one path, d(u,v) = (D(T) — 1)/2) + (D(T) — 1)/2) + 1
= D(T). Thus (u,v)¢ Q if ue #, and ve %,. Evidently, the equivalence classes
of the relation Q are the sets %, and %,,.

Now suppose that the nontrivial tree T has a single central point, ¢. For
each x e A7(c), the neighborhood of ¢, define

R, ={yyePT),dy,x) <dy,z)if x # ze N(c)}.

That £, is well-defined follows from the fact that if y # ¢ and x and z are distinct
points adjacent to c, then d(y, x) # d(y, z). Indeed, if ye £, and x # ze A(c),
then d(y,x) =d(y,z) — 2. Let W= X¢, X1, "5 Xye1sXnsXnt+1> "> X2, DE A
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diametral path in T, where D(T) = 2n. Then x,, = ¢,and x, . ; and x,_ are distinct
points of A(c). Evidently, x, € %, _, and x,,€ %, ,,. Thus, there are at least
two points x, y in A7(c) such that Z, # J # #,. As in the case |4(T)| = 2, one
may prove that the collection {#,:x e A(c), #, # &} partitions Z(T) into the
equivalence classes of the relation Q.

In view of the foregoing, it is convenient to define the hub H#(T) of a non-
trivial tree T, as follows:

€T) if|4(T) =2,
N(e) ifET) = {c}.

The collection of equivalence classes of Q is then given by I1 = {#,:x € #(T),
R, # &}, where A, is defined as above. If |(T)| = 2, |I1| = 2. If €(T) = {c},
then 2 < |I1] £ deg(c) = [A(c).

Knowing #(T), Z(T), and the predecessor function, one may determine I1
with very little effort; in particular, the distance function is not needed.

From [I1, #(T) and the predecessor function, one may readily generate all
diametral paths: if and only if xe #;, ye #;, for some #;, #;€ Il with Z; # Z;,
then x and y are joined by a diametral path. The particular diametral path is
easily generated via the predecessor function: beginning with z = x, one replaces
z by pred(z) until ze #(T); the same is done beginning with z = y; these two
shortest paths from the peripheral points x and y to points in the hub, together
with the unique central point ¢ if |¢(T)| = 1, form the diametral path joining x
and y. Thus we obtain the following definitions. Let xeX(T) and ye #(T),
with xe #,eIl; the path from x to y is the spoke from x, and the path from y
to x is the spoke to x. If #, € Il then the spoke set Z(Z ) consists of the spokes from
x to y for each x € #,. It is evident that all spokes are the same length, R(T) — 1,
and y. Thus we obtain the following definitions. Let x € #(T) and ye #(T).

The hub 4#(T) is immediate, given the center 4(T). To find the center and
simultaneously determine the predecessor function, one may proceed as sug-
gested in the proof of Theorem 1. A tower of subtrees, Sy, S, -+, S,, is con-
structed, with S, = T and S, = K, or S, = K,, by removing the endpoints of S;
to obtain S;, . The point or pair of points of S, constitute the center of T. For
central points of T, pred (x) = 0; otherwise, if and only if x € Z(S;) and xy € (S))
for some i, y = pred (x). Clearly, the number n of leaf-strippings is the sum of the
spokelengthand 2 — |¢(T)|. Thatis,R(T) = n + |¢(T)| — land D(T) =n+ R(T).

The preceding definitions and propositions may now be integrated into an
algorithm for the generation of all the diametral paths of a given nontrivial tree
T. The algorithm may be summarized as follows, in six steps.

Step 1. Initialize the subtree S to be the tree T.

Step 2. Find ¥(T), the predecessor function, R(T), and D(T).

Step 3. Find #(T) and the eccentricity of each point of T.

Step 4. Find the hub s#(T).

Step 5. Find the spoke sets.

Step 6. Combine the spokes into the diametral paths.

H(T) ={

3. Tree diametral paths algorithm. The algorithm is given below in detail.
The nontrivial tree T of PT points, 1,2, ---, PT, is assumed to be represented by
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the neighborhoods NT(I), for I = 1,2 ..., PT. DT(I) denotes the degree of
point I in T. The subtree S of T (Step 2) consists of PS points of T; NS(I) and
DS(I) denote the neighborhood and the degree of point I of S.
ALGORITHM 1 (Tree diametral paths algorithm).
Step 1. Initialize.
1.1. Set RP = 0. (After Step 2, RP = number of leaf strippings.)
1.2. Set PS = PT.
1.3. ForeachI = 1,2, --., PT:
1.3.1. Set PRED(I)=0. (After Step 2, only central points have PRED =0.)
1.3.2. Set DS(I) = DT(I).
1.3.3. Set NS(I) = NT(I).
1.4. END OF STEP.
Step 2. Find the center, diameter and radius, and determine the predecessor
function.
2.1. If PS < 2, then go to Step 2.2.
2.1.1. Add 1to RP.
2.1.2. Initialize X to be the set of endpoints of S.
2.1.2.1. Set X = 4.
21.22. ForlI =1,2,---, PT:
2.12.2.1. If DS(I) = 1, thenset X = X U {I}.
2.1.3. Foreach I in X:
2.1.3.1. Subtract 1 from PS.
2.1.3.2. Set PRED (I) = J, the single member of NS(I).
2.1.3.3. Set DS(I) = 0.
2.1.3.4. Subtract 1 from DS(J).
2.1.3.5. Remove point I from NS(J).
2.1.4. Go to Step 2.1.
2.2. Set NC = 0.
2.3. SetC = (.
24. Forl =1,2,---, PT:
24.1. f PRED(I) = 0:
24.1.1. Add 1to NC.
24.1.2. SetC = C U {I}.
2.5. Set RAD = RP + NC — 1.
2.6. Set DIAM = RAD + RP.
2.7. END OF STEP.
Step 3. Find the periphery and the eccentricity.
3.1. Set ECX = RAD (eccentricity of central points is R(T)).
3.2. Set DONE = .
3.3. Set SUCC = C (the successors are initially the central points).
34. Set X = SUCC.
3.5. Foreach I in SUCC:
3.5.1. Set ECC(I) = ECX.
3.5.2. Remove point I from SUCC.
3.6. Set DONE = DONE U X.
3.7. Set PER = X (finally, the periphery).
3.8. Foreach Iin X:
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3.8.1. Set SUCC = SUCC U NT().
39. Set SUCC = SUCC — DONE. (Points of eccentricity ECX + 1.)
3.10. If SUCC # J, then go to Step 3.4.
3.11. END OF STEP.
Step 4. Find the hub.
4.1. If NC = 1, then go to Step 4.2.
4.1.1. Set HUB = C.
4.1.2. Set NH = 2 (hub size).
4.1.3. ForI =1,2:
4.1.3.1. Set SP(I) = . (Initially, each set of spokes is null.)
4.14. END OF STEP.
4.2. The center consists of one point.
42.1. Set HUB = NT(I), where I is the single element of C.
4.2.2. Set NH = DT(I), where I is the one central point.
423. ForI =1,2,---, NH:
4.23.1. Set SP(I) = .
424. END OF STEP.
Step 5. Find the spoke sets.
5.1. For each I in PER: (Trace via PRED the spoke.)
5.1.1. ForeachJ =1,2,---, RAD:
5.1.1.1. Set the Jth point of the spoke to I.
5.1.1.2. Set I = PRED (I).
5.1.2. Set I to be the last point of the spoke.
5.1.3. ForeachJ =1,2,---, NH:
5.1.3.1. If I = HUB(J), then set K = J.
5.1.4. Include the spoke in SP(K).
5.2. END OF STEP.
Step 6. Combine the spokes into diametral paths.
6.1. Set DP = (& (The set of diametral paths).
62. For] =1to NH = 1:
6.2.1. For each spoke « in SP(I):
6.2.1.1. ForJ =J + 1 to NH:
6.2.1.1.1. For each spoke fin SP(J):
6.2.1.1.1.1. If NC = 1, then set the (RAD + 1)st point of the point
sequence of the diametral path to the unique central point.
6.2.1.1.1.2. For K = 1to RAD:
6.2.1.1.1.2.1. Set the Kth point of the diametral path point sequence to
the Kth point of spoke a.
6.2.1.1.1.2.2. Set the (DIAM + 2 — K)th point of the diametral path
point sequence to the Kth point of spoke f.
6.2.1.1.2. Include the new diametral path in DP, the collection of all
diametral paths.
6.3. END OF ALGORITHM.

4. Semidiametral paths. For those applications which require it, one may
readily generalize the concepts of diametral paths, radial paths, and spokes in
trees.
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An eccentric path from a point u is a path of length e(u) joining points u and
v, when d(u,v) = e(u). An eccentric path from an endpoint u is termed a semi-
diametral path. A ray is a path joining an endpoint with the central point at the
greatest distance from the endpoint. Clearly, 4(T) is contained in each ray. It is
apparent that semidiametral paths and rays generalize diametral paths and radial
paths, respectively. As previously remarked, an eccentric path from a point u
joins u with a peripheral point and contains 4(T). Analogously to diametral
paths, a path containing %(T) and joining an endpoint and a peripheral point is
a semidiametral path.

The equivalence relation Q on 2(T) may be easily extended to #(T) as
follows. Let u be an endpoint ; then there exists a unique point x € #(T) such that
d(u, x) < d(u,y) for all ye #(T), because of the acyclicity of T. Define, for
xeH(T), R, = {y:ye L(T), and d(y,x) < d(y,z) if x # ze #(T)}; then, since
R, # O for any xe #(T), [1' = {R,:xe #(T)} partitions £(T). The extended
relation Q' on Z(T) of Q on Z(T) is the equivalence relation induced by the
partitioning IT" of £(T). (Although the present application does not require it,
one could similarly extend Q' to the set of all points except the central point, if
the tree has a unique central point.) A semispoke from an endpoint u is the path
joining u and x, where x € #(T) and ue %, i.e., the shortest path from u to a
point of the hub. As before, a semispoke is generated without difficulty by means
of the predecessor function and the knowledge of the hub. For xe #(T), the
semispoke set X'(#.) consists of the semispokes from y to x for each ye #Z,. A
semidiametral path is then formed from a spoke and a semispoke (possibly a
spoke), from different semispoke sets Z'(%,) and Z'(%;).

5. Picture skeletons. An n-level digitized picture can formally be represented
by a matrix g whose elements take the values 0,1, --- , n — 1. That is, a photo-
graph is subjected to spatial sampling, and a quantization of the intensity. Figure 2
is an 8-level picture of a human chromosome—from Levi and Montanari [3].

As in Zahn [5], a weighted graph is formed from the picture array. The
points of the weighted graph are the elements of the picture of nonzero grey-
level or with a “neighbor’’ of nonzero grey-level. An element (r, s) of a picture
array is a neighbor of element (i, j) in case element (r, 5) is one of the eight elements
nearest to element (i, j), i.e.,

0<[i—=r2+({-s92"<2.

Two points in the graph are joined by a line if the corresponding elements in
the picture array are neighbors and at least one element has a nonzero value. The
line weight of a pair of adjacent points in the graph is equal to the “grey-distance”
between the corresponding elements in the picture array. A grey-distance ap-
propriate to the example of Fig. 2 is the Euclidean distance divided by the average
intensity. That is, if (i, j) and (r, s) are neighbors not both of zero intensity, then

[ = 2 + (G = 94"
3(g(i, )) + g(r,s)

A spanning forest of a graph is a forest having the same point set as the
graph, no line not in the graph and preserving the connectivity of components

d((l’J)’ (ra S)) =
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F1G. 2. An 8-level picture of a human chromosome

in the graph. A minimum spanning forest (MSF) of a graph with weighted lines

is a spanning forest of minimum weight, the weight of a forest being the sum of
the weights of its lines. A component of an MSF of a weighted graph is a minimum
spanning tree (MST) of a component of the graph. An efficient algorithm is given
in Gower and Ross [1] for the identification of an MST of a connected weighted
graph. This algorithm is easily extended to produce an MSF of the weighted
graph formed from a picture array. An MST of reasonable size in such an MSF
can be considered as a tree structure representation of an object in the picture.

For example, an MST representing the chromosome of Fig. 2 is given in Fig. 3.

An additional level of feature extraction condenses further the MST rep-

resentation of a picture object as in Fig. 3 to an MST “skeleton”. A skeleton T"

over, each endpoint of T" is an endpoint of T. A skeleton T’ of T may be specified

doin T, i.e., a subtree of T which includes at least one diametral path of T'; more-
by a subset £(T") of the set #(T) of all endpoints of T. That is, T’ is the subtree

of atree T is a subtree of T whose points have the same eccentricities in T" as they

of T generated by #(T’) « #(T), by which is meant the minimal subtree of T
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27,
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FI1G. 3. An MST obtained from Fig. 2

which includes all the points in Z(T’), viz., the subtree generated by the set of
all points of T lying on paths joining points of #(T’). For example, if £(T")
= %(T),then T' = T, if L(T') = #(T), then T’ consists of the union of all the
diametral paths of T.

It remains to consider the method of determining the subset £(T") of £(T)
for the specification of a skeleton of an MST of a picture object. First, the re-
quirement that #(T") = #(T) is overly constraining, since not all the “legs” of
the picture will be of the same “length”. That is, an MST with only two or three
peripheral points may have a few other endpoints of large eccentricity which
reflect indispensable features of the object. On the other hand, the condition
P(T) < L(T') is also unjustified. For example, if two peripheral points are
adjacent to the same third point, not both are required to reflect the feature of
the one leg of which the two peripheral points are close boundary points. Thus,
the endpoints of a skeleton of a tree T need not include all the peripheral points
of T, and may include nonperipheral endpoints of T. Rather than imposing such
a relationship on £(T’) and #(T), a more pertinent property of T’ is that it
have no “short branches”.
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A branch is a path joining nodes or endpoints and having no intermediate
nodes, a node being a point of degree greater than two. An interior branch joins
two nodes ; an exterior branch has an endpoint as one extreme point (an exterior
branch joins two endpoints only in case the tree has just two endpoints). A short
branch is an exterior branch of length less than or equal to 8 = |aR(T) |, where
O<a< 1.

The pruning algorithm below produces a skeleton T’ from a tree T by
iteratively deleting short branches. If the current subtree has an exterior branch
of length one, it is trimmed ; this continues until there is no exterior branch of
length one. Then if there is an exterior branch of length two, it is trimmed ; this
continues until there is no exterior branch of length less than or equal to two.
This process continues through the lengths k = 1,2, - -+, 6, to produce a skeleton
having no exterior branch of length less than or equal to «aR(T). The pruning
algorithm was applied to the MST of Fig. 3 with a = ; the resulting skeleton,
shown in Fig. 4, has only 4 endpoints and 2 nodes.

The pruning algorithm is similar to Step 5 of the tree diametral paths algo-
rithm (§ 3) which finds the spoke sets of a tree: both proceed from endpoints
toward the center by means of the predecessor function. The pruning algorithm

i

N

FIG. 4. The skeleton of the picture shown in Fig. 2
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starts a path from each endpoint of T and traces a path toward the center, either
until a node is encountered or until the path length is |«R(T)]. Those endpoints
of T which survive to fulfill the latter condition constitute the endpoints of the
skeleton T’ of T.

ALGORITHM 2 (Tree pruning algorithm). The algorithm terminates with the
skeleton T' of the given tree T specified as follows. The M endpoints of T" are
named in VO(I), for I =1,2,---, M = |L(T')|; L(T') together with T com-
pletely defines the skeleton T'. If v; is a point of T, then the eccentricity of v; in
T’ is the same as its eccentricity in T, in particular, T' has the same radius,
diameter and center as T. Moreover, the degree of v; in T is given by DS(I); and
the predecessor of v; in T is its predecessor in T.

Step 1. Initialize VO and VN to the sequence of all endpoints of T; DS = DT

(ultimately, DS gives the degrees of the points of the skeleton); and
M = |L(T).
Step 2. Foreachk =1,2,---, [aR(T)}]:

21. Set N=M; M =0.

22. ForeachJ =1,2,---, N:

2.2.1. If 2 < DS(PRED (VN(J))) then execute 2.2.1.1; otherwise,

execute 2.2.1.2.

2.2.1.1. Decrement DS(PRED (V N(J))).

2.2.1.2. (Continue this path another step toward the center.)

2.2.1.2.1. Increment M.

2.2.12.2. Set VN(M) = PRED (VN(J)).

22.123. Set VO(M) = VO(J).

Step 3. END OF ALGORITHM.

The action of the pruning algorithm is illustrated in Fig. 5, using a tree of
radius 5 and o« = 3.

The skeleton may be more conveniently represented by the specification of
its branches. For example, the branches of the skeleton of Fig. 5 join the pairs
of points (3,9), (2, 10), (14, 10), (20, 9) and (9, 10). The identification of the branches
and their lengths is easily and efficiently achieved by means of the predecessor
function, the degree function and the set of skeleton endpoints.

The skeleton T’ may be further usefully condensed to a tree T” with weighted
lines as follows: the points of T” are adjacent in case they are the extreme points
of a branch of T', i.e., lines of T" correspond to branches of T'. T” may be termed
the form of T, for the following reasons: T’ and every tree homeomorphic to T’
may be obtained from T” by a sequence of subdivisions of lines of T”, and T" is
the unique tree homeomorphic to T’ having no point of degree 2.

The weights of the lines of the form T” of the skeleton T’ of the MST T of a
picture object may be the lengths of the corresponding branches in T, ie., the
numbers of lines of the respective branches of T'. To eliminate the dependency of
the weights upon the fineness of the picture grid and upon the size of the object,
these line weights may be normalized with respect to the radius of T".

For example, Fig. 4 gives a skeleton T’ of the MST T (Fig. 3) of a picture
(Fig. 2) of a human chromosome. R(T’) = 51; the exterior branch lengths are
49, 46, 34 and 45, and the interior branch length is 6. The form T” of T is given
in Fig. 6 with the normalized branch lengths in T’ for the line weights.
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(e) The tree after the second (final) pruning

(d) The tree after the first pruning iteration

iteration

FI1G. 5. Anillustration of the pruning algorithm



36 R. E. OSTEEN AND P. P. LIN

| 2

0.960 0.901

0.012
0.882 0.667

4 3
FIG. 6. The weighted form of the skeleton of Fig. 4

The chromosome example illustrates the tremendous degree of condensation
of representation—from the picture object array (Fig. 2), to the form (Fig. 6) of
the skeleton of the MST (Fig. 4). Furthermore, the skeleton—and so, the form—
is apparently not very sensitive to changes in the threshold a, 0 < a < 1: the
skeleton of Fig. 4 is the output of the pruning algorithm for all values of o no
greater than 0.64 and no less than 0.22 (i.e., for any number of iterations of the
algorithm not less than 11 and not greater than 33).

The line weight suggested above—the graph theoretical distance between
the terminal points of a branch of the skeleton—could easily be supplemented by
the Euclidean distance between the terminal points of a branch. Indeed, the
points of the form could be labeled with their readily available picture array co-
ordinates, thereby permitting the subsequent calculation of Euclidean distances
and angular displacements among the lines, if the specific picture problem can
profitably utilize such data for the pattern classification task.

Although feature extraction is the main concern here, a few remarks con-
cerning pattern classification are in order. Suppose that classification is performed
by reference to the forms, S7, S5, ---, S,, of typical patterns from the respective
pattern classes. To classify a pattern, an MST T is first found. Then rather than
use a threshold to produce a single skeleton T’ from the pruning algorithm, a
sequence of skeletons T, T%, -- -, is formed by iterating the pruning algorithm
R(T) — 1 times or until the resulting skeleton has fewer endpoints than any of
the typical forms S;.

Beginning with the last member of the sequence T'; having more endpoints
than any of the typical forms and proceeding to the end of the sequence, a form
T7 is formed for each distinct element of the sequence of skeletons. After deleting
repetitions from the sequence of forms, one has a tower of forms T7, T5, ---, Ty:
foreachk = 1,2,---,k — 1, T;,, is a subtree of T, having strictly fewer points
than does T}.

Finally, classification proceeds as follows. For each class i, one finds the last
member of the tower T having more endpoints than does S; and the first having
fewer ; the resulting subsequence of the tower has two or three members. Each
of them is matched against S} ; the score of the closest match is then taken to be
the score s(T, S}) of the MST T with respect to the ith pattern class. This method
eliminates the necessity to choose a threshold, and considers for each class the
most appropriate form of T for the match.
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6. Conclusions. Certain very useful special properties of ‘eccentricities of
points in trees have been identified. As a consequence of these properties, a com-
pact and productive representation of trees—the predecessor function—has been
provided; and an efficient algorithm has been presented for the determination
of the center, radius, diameter, and periphery of a tree, as well as its predecessor
function and the set of all its diametral paths.

The theory has been applied to a feature extraction problem in picture
processing. A tree pruning algorithm iteratively trims short branches joining end-
points and nodes from a minimum spanning tree of a picture object, producing
a “skeleton” of the picture object. This MST skeleton differs from the skeleton
produced by the method of Levi and Montanari [3] in several respects. The Levi-
Montanari skeleton includes object width information, from which the picture
can be approximately reconstructed. On the other hand the MST skeleton for a
connected picture object is itself connected and is everywhere one spot wide.
Indeed, the fact that the MST skeleton is a tree permits even further contraction
of the object representation preparatory to pattern classification.

Specifically, a method was described to condense an MST skeleton for
matching purposes into a small weighted tree—the “form” of the skeleton,
representing the topographical essence of the picture object. An example—a
picture of a human chromosome—was provided to illustrate the method of
abstracting a skeleton from an MST, and the form from the skeleton. The degree
of condensation of object representation was seen to be very large—from the
many hundreds of points of the MST, to the couple of hundred points of the
skeleton, to the six points of the form of the skeleton. Still the form was seen to
preserve the essentials of the shape of the object. Indeed, the (weighted) form of
the skeleton of the MST of the picture object resembles a “‘stick drawing’’ of the
object—an eminently appropriate form of feature extraction output for certain
picture processing problems.

Applicability of the scheme requires that the object pictures be amenable to
an MST representation for purposes of pattern classification. That is, the grey-
level representation of objects must permit the application of a suitably chosen
grey-distance function to produce weighted graphs whose minimum spanning
trees adequately reflect the key features of the objects.

In the chromosome example of Fig. 2, the general character of the picture is
that the grey-level increases from the boundary toward the interior. Defining the
grey-distance to vary inversely with the average grey-level of a pair of neighboring
points assures the existence of a long path in any MST from the central region
along each of the four “arms” of the chromosome (see Figs. 3 and 4). (On the
other hand, this particular grey-distance is altogether unsuitable for use with
objects having high grey-levels near the boundary and low levels in the interior.)

The fairly large region in the interior of the chromosome having uniform high
grey-level illustrates a limitation on the general strategy of deriving skeletons
from minimum spanning trees in grey-distance weighted graphs for picture
objects: the nonuniqueness of the MST. (Indeed, the number of distinct MST’s
for the chromosome example is indisputably unmanageably large.)

The processing order of picture points in our programmed implementation
of the MST algorithm produces an MST with the long paths through the regions
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of maximum grey-level hugging the upper boundaries of those regions, leading to
a skeleton which is maximally upward displaced relative to the picture. Reversing
the scanning order (or rotating the picture through 180°) would lead to a skeleton
which is maximally downward displaced relative to the picture. Similarly, scan-
ning columnwise from left to right or from right to left would produce skeletons
maximally left or right displaced.

The unfortunate significance of this is that the skeleton is not fixed relative
to the picture, independently of the angular orientation of the picture in the
plane. It is not clear whether or not it would be feasible—and if so, whether or
not it would be profitable—to modify the MST skeleton process so as to obtain
a skeleton well centered within the object. One way in which this might be done
is (i) to generate the four MST’s maximally displaced to the left, right, top and
bottom by varying the scanning order of the MST algorithm; (ii) to produce a
skeleton from each of the four trees; and (iii) to combine the four skeletons into
a single well centered skeleton.

However, in spite of the dependence of the skeleton on orientation due to the
multiplicity of MST’s, the choice of any MST whatsoever for the chromosome
picture results in the production by the pruning algorithm—for a wide range of
“short branch” thresholds—of a skeleton whose further reduction to a “form” is
either (i) an “H” as in Fig. 6, with four legs of comparable length and a relatively
short “bar”; or (ii) an “X” with four legs of comparable length.

Appendix. Proofs of theorems.

THEOREM 1. Let T be a tree of diameter D(T), radius R(T) and center 4(T).
Then

(i) if D(T) is even, then €(T) is a singleton; if D(T) is odd, then €(T) con-
sists of a pair of adjacent points;

(i) e(x) = R(T) + min {d(x, ¢):c € €(T)}, for any point x of T; and

(iii) if xo, Xy, - -+, Xpr) is a diametral path in T, then for each i = 0,1, -,

D(T), e(x;) = max {i, D(T) — i}.

Proof. The proof is by induction on the diameter.

First, the only trees of diameter less than 2 are K; and K,, the complete
graphs on 1 and on 2 points. Obviously, all three statements hold for these two
trees.

As induction hypothesis, assume that the statements hold for all trees of
diameter less than 2k, where k is some particular natural number. Let T be a tree
of diameter 2k or 2k + 1, and T’ be the subtree of T obtained by removing from
T all its endpoints. Since D(T') = D(T) — 2, D(T’) is less than 2k. Consequently,
by the induction hypothesis, the statements hold for T'.

Since D(T') = D(T) — 2, D(T) is even if and only if D(T') is even. €(T")
= @(T), because e'(x) = e(x) — 1 for each point x of T'. By the induction hy-
pothesis, G(T) = €(T’) is a singleton if D(T’) is even, and therefore if D(T) is
even; and G(T) = ¥(T") is a pair of adjacent points if D(T’) is odd, and therefore
if D(T) is odd. Thus, the first statement holds for trees of diameter less than
2(k + 1); this completes the proof of the first assertion.

By the induction hypothesis, e'(x) = R(T’) + min {d(x, ¢):c € €(T’)}, where
x is any point of T", i.e., any nonendpoint of T. But since €'(x) = e(x) — 1, R(T")
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= R(T) — 1and 4(T’) = ¥(T), this becomes e(x) = R(T) + min {d(x, ¢):ce%(T)}.
Suppose now that xe £(T), and let y be the point adjacent to x. Since y is a
point of T’, e(y) = R(T) + min {d(y, c):c€¥(T)}, as above. Since x ¢ ¢(T) and
y is the only point adjacent to x, it is clear that min {d(x,c):ce 4(T)} = 1
+ min {d(y,c):c € 4(T)}. But since e(x) = e(y) + 1, this implies that e(x) = R(T)
+ min {d(x, ¢):c € 4(T)}. Therefore for any point x of T,

e(x) = R(T) + min {d(x, c):c€ 6(T)}.

This completes the induction step of the proof of the second assertion of the
theorem.

Let W = x4, x;, -+, X, be a diametral path in T, with n = D(T). Since x,
and x, are peripheral points, they are endpoints ; therefore e(x,) = e(x,_;)=n — 1.
Let W = x,,x,, -+, X,_1. Then W' is a path in T’ of length n — 2 and D(T")
= D(T) — 2, W'is a diametral path in T, and x, and x,_, are peripheral points
of T'. By the induction hypothesis, e'(x;) = max {(i — 1), (n —2) — (i — 1)}
=max{i — l,n—i~— 1} foreachi=1,2,---,n — 1. Since e(x) = ¢'(x) + 1 for
points x of T', e(x;) = 1 + €'(x;) = max {i,n — i} for i =1,2,---,n — 1. Since
also e(xo) = e(x,) = max {i,n — i}, it follows that e(x;) = max {i,n — i} for each
x; on W. This completes the inductive step of the proof of the third statement of
the theorem.

THEOREM 2. If ue ¥ (T) — 6(T), then there is exactly one point v such that
uv € 8(T) and e(v) = e(u) — 1.

Proof. Let be4(T) be such that e(u) = R(T) + d(u, b), and let W = u, v,
X5, "+, X,_1, b be the unique path from u to b; since u ¢ €(T), u # b, so that the
unique path from v to b is v,x,, -, x,—1, b and d(v,b) = d(u,b) — 1. Con-
sequently, e(v) = e(u) — 1 with uv e 8(T).

Suppose v’ is a point such that uv' € &(T) and e(u) = e(v') + 1. Let b’ e €(T)
be such that e(v') = R(T) + d(v',b’), and W' =0, y,,¥5, "+, Ym—1,b" the path
from v’ to b'. Since e(v') = e(u) — 1, m = n — 1. Point u does not occur on W',
for otherwise, e(u) < e(v'), contrary to the assumption that e(v') = e(u) — 1. Since
also uv' € £(T), the path from u to b’ is u,v', y,, -+, y,_, b, the length ‘of which
is m + 1 = n. Thus, d(u, b) = d(u, b'), with b, b’ € €(T). If b # b, then bb' € £(T),
so that |d(u, b) — d(u, b)) = 1; so since d(u, b) = d(u, b'), b = b'. Therefore, if
v # v, then W and W' are two distinct paths joining u and b, an impossibility.
Hence, v = v/, i.e., the point adjacent to u, of eccentricity one less, is unique.

THEOREM 3. If x, y and z are distinct peripheral points of T and d(x, y) = D(T),
then d(x, z) = D(T) or d(y, z) = D(T).

Proof. Let W = x4, Xxy,X5, "+, Xp—1, X, be the path from x to y, where
n = D(T), x, = x, and x, = y. Since z is neither x nor y, z is not an endpoint of
W, since ze #(T) = #(T), z is not an intermediate point of W. Thus, z does not
occur on W. 1 < min {d(z,x;):i = 0,1, ---, n}. Let x; be a point of W such that
d(z,x;) < d(z, x;) for all x;on W, and W' = y,, y,, -, y be the path from z to
x;, where y, = z, y, = x;, and k = d(z,x;). If r = 0,1, ---, k — 1, y, does not lie
on W, since otherwise d(z, y,) < d(z, x;) with y, on W, contrary to the hypothesis
on x;. Therefore, W, = yo, 1, Vi»Xi—15Xi—2, """ » X1, Xo 1s the path from z
toxand Wy = yo, V1, » V> Xit 1> Xie 25 ** » X, is the path from z to y.
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Since W is a diametral path, W contains 4(T). If €(T) consists of two points,
they are adjacent, and so occur consecutively on W. Consequently, one of W,
and W, contains ¥(T), and since it joins peripheral points, is therefore a diametral
path.
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ON BACKTRACKING: A COMBINATORIAL DESCRIPTION
OF THE ALGORITHM*

JAY P. FILLMORE anp S. G. WILLIAMSONY

Abstract. A basic algorithm for solving many discrete problems is the so-called ‘‘backtracking”
algorithm. The basic problem is that of generating the elements of a subset S, of a finite set in an
efficient manner. If a group G acts on S, then one might wish to obtain only nonisomorphic elements
of S, In this paper the basic backtracking algorithm is described in terms of chains of partitions on the
set S. The corresponding isomorph rejection problem is described in terms of G-invariant chains of
partitions on S. Examples and flow charts are given.

Key words. backtracking, isomorph rejection, constructive combinatorics, parallel search, eight
queens problem.

1. Introduction. Backtracking, as it is usually formulated [3], is a search
algorithm to determine all elements (x,, - - -, x,) of a Cartesian product X; x ---
x X, which satisfy a given true-false valued ‘criterion” function: ¢(x,, -, x,)
= true. An element satisfying this condition is built up coordinate by coordinate:
x, in X, is chosen first, then x, in X,, and so on. If, after the choice of the first
k coordinates, ¢(x,, ", x,, —, ", —) is never true, no matter what the choice
of the remaining n — k coordinates, the kth coordinate x, is changed; this step is
the ““backtrack” which gives the algorithm its name. The efficiency of the algorithm
is due to the fact that at the point where the above backtrack occurs, M, ., x - --
x M, possibilities are ruled out, M; being the number of elements in the set X;.
This formulation is tied to the fact that the set being searched is a Cartesian
product and the algorithm rapidly finds large numbers of nonsolutions.

The fact that the solutions of ¢(x,, -+, x,) = true are a subset of a Cartesian
product does not mean that this backtracking procedure will yield an efficient
algorithm; indeed, the fixed structure of the Cartesian product may introduce
unnecessary complications. Moreover, the ability to accept large numbers of
solutions, as well as reject large numbers of nonsolutions, is not incorporated.
Finally, the Cartesian product description makes awkward the detection of iso-
morphs, that is, solutions carried into one another under the action of a group.

A simpler, more versatile, procedure is described in this paper. Briefly: given
a set S and a T-0-F valued criterion function ¢ on S, we partition S into three sets,
the sets where ¢ takes the values T, 0 and F; these sets are built from families of
subsets of S which are prescribed in advance. A brief discussion of the problem of
isomorph rejection is given in a similar framework. The concluding section of this
paper describes the notion of ““parallel search”, a method which can significantly
reduce the number of steps needed to carry out a backtrack search by performing
more than one related search simultaneously.

2. Backtracking. Let S be a finite set. The backtrack algorithm will be
described in terms of partitions x of S into disjoint blocks B. The partition ' refines

* Received by the editors November 16, 1972. Research of the second author was sponsored by the
Air Force Office of Scientific Research, Air Force Systems Command, USAF, under AFOSR Contract/
Grant no. 71-2089.

t Department of Mathematics, University of California at San Diego, La Jolla, California 92037.

41



42 JAY P. FILLMORE AND S. G. WILLIAMSON

7, written 7 > 7/, if for any block B’ in 7’ there is a block B in © with B containing
B'. In a chain of partitions of S each one refines the previous: n;, > n, > -+ > x,.

Let ¢ be a T-0-F valued “‘criterion” function on S. We wish to partition S
into the three sets where ¢ is 7, 0 and F. We denote by ¢, a T-0-F valued “test”
function defined on 7, i.e., the arguments of ¢, are the blocks of =, related to ¢ as
follows:

T, o(s) =T forall sin B,
if . (B) = { 0, then { no conclusion,
F, ¢(s) = F for all sin B,
for B in =.

A backtrack search on the set S is defined by the following data: a chain of
partitions m, > m, > --- > m, of § and a numbering (linear ordering) B(i,, - -, i})
of the blocks of m, such that B(i,, - - -, i, _,) contains B(i;, - - - , i,) for 1 < i, < M(i,,
-+, i, _,), the number of blocks of =, contained in B(i,, - - -, i,_,). The backtrack
search is carried out according to the flow chart in Fig. 1.

Note that the numbering tells us that B(i;, - - -, i,) is a subblock of B(i,) in

n,, B(iy, i) inm,, -+, By, ", i_,)inm_,.

At the conclusion of the algorithm, the set S has been partitioned into three
subsets Sy, S,, and Sp. S; and S; are the disjoint union of blocks of various
m,; @(s) = T for every s in S, ¢(s) = F for every s in S; if a block appears in Sy
or Sg, no subblock needed to be tested. S, is the disjoint union of blocks of ,.

If =, is the discrete partition of S, and ¢,_is defined by ¢, ({s}) = ¢(s), then
this disjoint union of three sets is the one originally sought.

Let us note the following important observation: backtrack searching is
recursive; it may be applied again to the set S, after choosing a chain of partitions
and test functions for this set. This allows us to define the above backtrack process
recursively: choose a partition n of S and a test function ¢, related to the criterion
function ¢ as before. On the basis of ¢,, classify the blocks of  as subsets of S,
So, or Sp. Repeat this procedure for each block B of = which is contained in S,
using the partition 7| B, where 7’ denotes the next partition in the chain of partitions,
and its restriction 7'|B consists of all blocks of n’ contained in B. The use of a
partition of S, other than the partition 7’| B yields a more general backtrack algo-
rithm in which choices of partitions can be made to depend on information
obtained during the search.

Example. The usual search of a Cartesian product [3] is formulated in the
present theory as follows: let Sbe X; x X, x --- x X, and let ¢ be the true-false

valued criterion function on S. We wish to determine those elements (x,, - -, x,)
of S for which ¢(x,. -, x,) = true. For 1 < k < n, define partitions:
T = {B(i1a ,ik)ll SHEM,, 124 < Mk},

By, -, Q) = {ai,} X -0 X {aik} X Xppq X 0 X X,
where a;_is the i th element of the set X,. Define test functions: for 1 < k < n,
F if ¢(s) = false for all s in B, )
¢, (B) = Binm;

0 otherwise;
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k<0

ke—k+1

> B

PRINT(F, i,, -
PRINT(T, i,, - -

(PRINT(O,il, o i,D—
s i)

FI1G. 1. Flow chart of the backtrack algorithm

for k = n,

B = {s} inm,,

F if ¢(s) = false,
@, (B) = {

T if o(s) = true.

This construction may be generalized slightly by defining =, for a subset
A of {1,---, n} to be the partition consisting of blocks X} x --- x X, where
X, = X, if kis not in A and X, is a single element subset of X, if k is in 4. The
test functions are defined as before. A chain of partitions results by taking a chain
of subsets of {1, -- -, n}.

Every backtrack search on a set S’ can be formulated as a backtrack search
on a Cartesian product which is not necessarily the set S. Indeed, given n, > =,
> -+ > m,, achain of partitions of the set S, take X, to be the set of blocks of .
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The test functions must be suitably defined. It will be found that the Cartesian
product formulation, in general, unnecessarily expands the amount of searching
required to arrive at the “‘solutions”’.

Example. Let f(x) be a continuously differentiable functionon 0 < x < 1. Let
S be a finite subset of this interval. We wish to classify the points s of S as to whether
f(s) > 0 or f(s) £ 0. That is, the criterion function on S will be

T iff(s) > 0,
@(s) = ,
F iff(s) 0.
Suppose that f(x) satisfies |f’(x)| < M on 0 £ x £ 1. Choose partitions 7, > 7,
> --+ > 7, of S with the restriction that the blocks of w, are intervals of S, that is,

intervals of 0 < x < 1 intersected with S. Let g, be the maximum length of an
interval in 7. Define test functions ¢,,_by

T iff(h) > Ma,,
¢, (B) =<F iff(b) = —Ma,
0 otherwise,

where, for each B in =, a fixed b in B is chosen. At the completion of the search,
S will be the disjoint union of three sets: the first is the disjoint union of blocks of
varying sizes on which f'(s) > 0, the second is the disjoint union of blocks of varying
sizes on which f(s) < 0, and the third is the disjoint union of blocks of length
< Ma, where no conclusion is made. This latter set, usually relatively small, may
be searched point by point. Clearly, this generalizes to several variables. Note that,
in this example, S does not have a Cartesian product structure which can be
utilized in the search.

3. Isomorph rejection. Let G be a finite group which acts on the set S. Two
elements s and s’ of S are called isomorphs if ' = gs for some g in G. One wants to
partition S according to the values T, 0 or F taken on by the criterion function ¢ ;
a reasonable assumption is that ¢(s') = ¢(s) when s and s’ are isomorphs.

Specifically, one wants to find one representative from each equivalence class
of isomorphs and classify it according to the value of ¢. Moreover, one wants to
do this efficiently, so that no comparisons need to be made during or after the
search. Frequently, the search can be structured in such a way that the group
action is methodically taken into account.

The building block of the algorithm is the following, which we shall call an
elementary search on the set S in the presence of the group G. This consists merely of
listing the orbits of G as it acts on the set S and selecting one element from each
orbit.

The algorithm now proceeds as follows: beginning with the set S and the
group G which acts on it, construct a partition n of § which is stable under G, that
is, if B is a block of &, so also is gB, the set of all gs with s in B. The group G acts
on the set 7. Perform an elementary search on the set « in the presence of the group
G. For each block B which results from this search, compute the subgroup G, of G
consisting of all g in G for which gB = B. Gy acts on the set B, and for each of these
blocks, B, one repeats the process, with S replaced by B and G replaced by Gj.
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The rejection of isomorphs terminates when either G consists of the identity
only, in which case the block B may be searched directly without the possibility
of isomorphs, or B consists of a single element, in which case G is the symmetry
group of this element.

Before describing a general method for solving the isomorph rejection
problem, we illustrate with an example.

Example. The problem of eight queens. The original problem, due to M. Bezzel
[2], is to place eight nonattacking queens on an eight by eight chess board. There
are known to be ninety-two solutions, but many of these are isomorphs under the
obvious action of the eight-element dihedral group; it is known that there are
twelve nonisomorph solutions. We will illustrate a backtracking algorithm to solve
the problem of placing five or fewer nonattacking queens on a five by five chess
board; this will permit us to list every step. The case of an eight by eight chess
board is no more difficult, only longer.

We begin by numbering the squares of the five by five chess board in any
way we please; we number them from 1 to 25 in the order that characters are printed
on a page.

Take the empty square bearing the smallest number, in this case 1, and com-
pute its orbit under the full symmetry group of the square-—in this case, squares
1, 5, 21 and 25. The largest number of queens which may be placed in these four
squares is one; the other possibility is zero. We begin by placing one queen on
square 1. By the use of the symmetry group, we need not consider placing one
queen on square 5, square 21, or square 25 ; this amounts to picking a representative
of an orbit for the symmetry group acting on the configuration of queens on these
four squares. Later, when we have backtracked to these four squares, we will pick
another representative of an orbit under this action. We will keep track of these
choices by always placing the “largest” first. That is, if the presence or absence of
a queen on a square is interpreted as a binary digit, square 1 is the most significant
bit, square 25 the least significant bit. A record must be kept of the orbits as they
are used.

From the recursive viewpoint, the problem is now the following: place four
or fewer nonattacking queens on the 21 squares which are exclusive of squares 1,
5, 21 and 25 so that they are not attacked by the queen in square 1. Note there is
to be a queen in square 1, and no queen in squares 5, 21 and 25. The symmetry
group of this problem is the group of order two consisting of the identity and
reflection in the diagonal through squares 1 and 25. The orbit in the chess board
containing the least numbered unspecified square consists of squares 2 and 6. The
“largest” placement of queens on this orbit is to place no queen on either square 2
or square 6.

The algorithm now continues in this recursive fashion. As soon as the identity
group is reached, isomorphs are rejected, and the search may proceed in any
manner. But in fact, the above prescription will reduce to the usual backtrack
scheme of placing a queen on the ““first”” possible square it can occupy.

When orbits of various groups acting on the chess board fill up all 25 squares,
a solution has been reached. When one backtracks to a certain orbit on the chess
board, one advances the configuration of queens to occupy that orbit to be the
next ‘“‘smaller” orbit representative for the symmetry group of that orbit acting
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on the configuration of queens in that orbit.

An initial and a terminal segment of this algorithm is executed step by step in
Figs. 2 and 3. Orbits are numbered as they are set down; queens are denoted by
circles. For the sake of brevity, only those steps in the execution of the algorithm
that change the configuration of queens, are a backtrack, or are terminal are
recorded. The terminal steps, indicated by the whole board being filled by labeled

orbits, are solutions.

O) (M2 3 4
2 5
36
4
1 1o 1
W23 41 (D23 41
2 5 (7 8 2 5(6) 71 8
36 91000 3 6 9 10
4 @ 4 ()13 14 15
1 1116 17 (9 1

4 12 13 14 15

1 1 1 1

D2 3 4
2 5 (6) 7
36
4

3 4

D 2
2 5 (6) 7
2 6

4

@13 14

1 16 17 18
2nd solution

M2 3 4
2 5 (6) 7
36 910
4 12 13 14

1 (6 17 18

3rd solution

F1G. 2. An initial segment of the algorithm
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12032 1 12032 1 1232
2 4 5 4 2 2 4 5 4 2 2 4 5 4 2
2 6 7 6 3 36 7 6 3 36 7 6 3
2 (8) 8§ 2 2 9 8 2 2 8 g8 2
1 2 3 2 1 1 2 3 2 1 1 2 3 2 1
58th solution
12 (32 1 2 3 2 1 1 2 3 2 1
2 4 5 4 2 2 2 2 @ 4 2
2 6 7 6 3 3 3 3 3
2 8 9 8 2 2 2 2 4 4 2
1 2 3 2 1 1 2 3 2 1 12 3 2 1
S9th solution
1 2 3 2 1 1 2 3 2 1 1 2 3 2 1
2@ s 4 2 2@ s 4 2 2 4 4 2
35 6(@3 35 6 7 3 3 3
2 4 7 4 2 2 4 7 4 2 2 4 4 2
1 2 3 2 1 1 2 3 2 1 1 2 3 2 1
60th solution 61st solution
1 2 3 2 1 1 2 3 2 1 1 2 3 2 1
2 4. (5 4 2 2 4 54 2 2 4 5 4 2
305 5 3 35 6 5 3 305 5 3
2 4 5 4 2 2 4 5 4 2 2 4 5 4 2
1 2 3 2 1 1 2 3 2 1 1 2 3 2 1
62nd solution
1 2 3 2 1 1 2 3 2 1
2 4 5 4 2 2 4 5 4 2
305 (&) 5 3 35 6 5 3
2 4 5 4 2 2 4 5 4 2
1 2 3 2 1 1 2 3 2 1
63rd solution 64th solution

F1G. 3. Terminal segment of the algorithm

To connect this example with the general description, we take S to be the set
of all ways to place five or fewer nonattacking queens on the five by five chess
board. Partitions 7 of S which are stable under G, or the subgroup of G at a par-
ticular stage of the algorithm, are obtained by specifying configurations on an
orbit of the group as it acts on the board.

Before leaving this example, we wish to indicate one possible machine imple-
mentation, which is much like the one used in the example of the next section.

A certain amount of preliminary analysis is done to create the following lists:
first, the subgroups of the group of all symmetries of the square are numbered in
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any order from 1 to 10 (not all will actually be needed). For each group, all possible
orbits on the five by five chess board are described. Any configuration on the chess
board can be represented by a 25 bit word ; we will number the bits from 1 to 25 so
as to correspond to the numbering of the squares used above on the board. Given
a subgroup, its orbits on the board are listed and numbered by the first occupied
square, that is, by the first nonzero bit of the corresponding word. Thus, we have
a doubly indexed list, the first index for the group number, the second index for the
orbit number, and the elements of the list are orbits on the chess board. The values
of the second index which are used depend on the first index. Second: for each of
the orbits listed above, one lists the possible configurations of queens which may
occupy the orbit, choosing one representative configuration under the action of the
subgroup in question as it acts on the configurations in the orbit. These representa-
tive configurations are labeled consecutively. We now make up three triply
indexed lists, the indices being the group number, the orbit number, as above, and
the configuration number. The first list consists of the configuration of queens in
the orbit: it is a 25 bit word. The second list consists of the squares on the chess
board which are attacked by the queens of the configuration in the corresponding
entry of the first list. The third list gives, for each subgroup, orbit and configuration
of queens in the orbit, the number of the subgroup of the given subgroup which
is the stability group of the given configuration of queens.

The following ALGOL code requires several machine-oriented procedures
which we describe first. They are similar to those available on the Burroughs
B6700 machine.

We regard Boolean variables as 25 bit words; the Boolean operations treat
the Boolean words bitwise. There is an integer procedure FIRSTONE which
gives the number of the first nonzero bit of a Boolean word. There is a Boolean
procedure FILLED which tells if data has been filled into a Boolean word. There
is a Boolean procedure EMPTY which is true if all bits of Boolean word are zero.
Let FF denote the Boolean word consisting of all bits zero; let TT denote the
Boolean word with all bits one. The Boolean relation IS compares two words and
is true if they are bitwise identical.

The section of the program denoted READ DATA reads the prepared lists
into the declared arrays. Note that for this problem there will be at most six
configurations of queens in any one orbit, an additional value for the index must
be provided for, so that one can detect when the list of configurations is exhausted.
Note also, that array elements corresponding to no data must be filled with symbols
which will cause FILLED to produce false.

begin
Boolean array ORBJ[1:10, 1:25], QNS, ATK[1:10, 1:25, 1:7];
integer array SGN[1:10, 1:25,1:7], G, O, Q[1:26];

Boolean B, X; B is the union of orbits on the board;
X is the configuration of queens.
integer K ; K is the same as the integer numbering the orbits

in the hand execution above.
label AK, BK, AQ, FINIS;
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READ DATA
B: = FF;
X:=FF,
K:=0; The number of the full symmetry group of the
G[1]: =10; square is 10.

AK:K: =K + 1;
O[K]: = FIRSTONE(NOT B);
B: = B OR ORB[G[K], O[K]];
Q[K]: =0;
AQ:Q[K]: = Q[K] + 1;
if NOT FILLED(QNS[G[K], O[K], Q[K]]) then goto BK;
if NOT EMPTY(X AND ATK[G[K], Q[K]]) then goto AQ;
: = X OR QNS[G[K], O[K], Q[K]];
G[K + 1]: = SGN[G[K], O[K], Q[K]];
if NOT (B IS TT) then goto AK;
print (X);
X:= X AND(NOT ORB[G[K], O[K]]);
goto AQ;
BK:X: = X AND(NOT ORB[G[K], O[K]));
B: = B AND (NOT ORB [G[K], O[K]]);

K:=K-1;
if K EQL O then goto FINIS;
goto AQ;

FINIS: end.

A general setting for backtracking, which incorporates the above recursive
procedure in a “‘dynamic” setting would contain the following ingredients.

Let S be the set which we wish to search. For certain subsets 4 of S, we have
given a rule which assigns a partition n, of A; certain of these subsets are desig-
nated by this rule as terminal. Each partition =, is assumed to linearly ordered;
we assume given a rule which to each element B of n, associates a larger element
B’ in the given linear ordering of 7 ,. For convenience, we let 0 and oo, respectively,
denote unique elements less than and greater than every element of 7 ,. If & is any
partition, Un denotes the union of its blocks; #~ denotes the partition from which
Um was chosen in the execution of the algorithm. ¢ is a T, 0, F-valued test func-
tion on the blocks of =, related to ¢ as previously.

The algorithm is now defined by the flow chart in Fig. 4. Note that a record
must be kept during the execution of the algorithm in order to determine 7.

At the conclusion of the algorithm, three collections of blocks will have been
determined: a collection of blocks which test T, a collection of blocks which test F,
and a collection of blocks from terminal partitions which test 0. Moreover, only
blocks which are permitted to appear by the succession rule B to B’ are obtained.
This last feature may be used to incorporate what is usually known as “‘preclusion”,
and plays a central role in isomorph rejection.

4. Parallel search. Let ¢ be a criterion function on the set S. A backtrack
search will be said to be a parallel search if there are given two test functions ¢,
and ¢, which are related to the criterion function as in Table 1. The headings of
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B«S

NO YES
B=3S STOP

PRINT(0, B)
PRINT(F, B)
PRINT(T, B)

YES
NOo < TER

B
MINAL

F1G. 4. Flow chart of the backtrack algorithm ; dynamic viewpoint

the table are the values of ¢ (B) and ¢7(B); the entries of the table are the values
of ¢(s) for every s in B, B is a block of n. Essentially, this says that as the backtrack
is being executed, a decision is to be made on the basis of ¢, or of ¢, when possible,
and conflicting decisions need not be made.

TABLE 1
9.(B)
¢(B) T 0 F
T T T cannot occur
0 T 0 F
F cannot occur F F
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The effect of having two tests will be to come to decisions that permit back-
tracking more often than would occur with either test alone. This will speed up
the execution of the algorithm.

If the algorithm is executed on a multiple processor machine, the two tests
can be genuinely performed in parallel. Parallel search, of course, extends to
several tests.

Example. The SOMA cube. For a detailed description of this “‘puzzle”, see
[1] or the booklet published by Parker Brothers, Inc., Salem, Mass., 1969, which
accompanies the puzzle.

We will describe the three by three by three SOMA cube as follows: number
the cells in the cube from 1 to 27:

3 69 12 15 18 21 24 27
back center front
plane: 2 5 8; plane: 11 14 17, plane: 20 23 26.
1 4 7 10 13 16 19 22 25

A 1 or 0 is recorded in a 27 bit word, reading left to right, according to whether
a cell is occupied or not. For example, 600400400 in octal represents the L-shaped
piece placed in the leftmost plane, long side down, short side to the rear. The
seven pieces, together with an identifying letter, are the following:

A: 600400400 D: 600300000
B: 640400000 E: 620020000
C: 400600400 F: 600220000

G: 640000000

In the Parker Brothers booklet, these are, respectively, pieces 2, 7, 3, 4, 5, 6 and 1.
Numerous procedures for listing the solutions to SOMA, either by hand or
machine computation, have been described (for references, see [1]). In order to
illustrate parallel search as formulated above, it suffices to consider the most
straightforward backtracking scheme, which we describe as follows.

Seven lists are constructed. The A list consists of the 144 possible positions
and orientations of the A piece. These are represented octally as above. Similarly
the other six lists are constructed.

List A B C D E F G
Length 144 64 72 72 96 96 144

These lists are constructed prior to the search for all ways of assembling the cube.

Let X, be the set of integers from 1 to 144, let X, be the set of integers from
1 to 64, and so on to X ,. The set to be searched is the Cartesian product S = X,
x X, x .-+ x X5. The criterion function for the problem is defined by:

T if(i,); OR --- OR (iy), = 777777777,
¢(i1’i2s"'si7)={ .

F otherwise,
where (i), denotes the 27 bit word appearing in the ith entry of X,,and OR denotes
bit by bit Boolean “or”. The criterion function specifies that the 27 cells of the
cube should be filled using the available pieces.
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The search on a Cartesian product was described in §2. We describe briefly
the blocks in the partitions of the chain n, > n, > --- > m,. Note that 7, is the
discrete partition.

n, consists of 144 blocks B(1), - - - , B(144), where
B(i) = {Gy. %, x7)|x26X2’ L, x,€ X}
= {ij} x X x =+ x X;.

m, consistsof 144 - 64 = 9216 blocks B(i;, i,),i; = 1,---, 144,i, = 1,---, 64,
where

B(iy,ip) = {iy} x {iz} x X3 x = x X,

Note that B(i,, i,) is a subblock of B(i,).

m, consists of 144-64-72-72-96-96- 144 = 6.340 x 10" (approx.) blocks
B(i,, - - - , i), each consisting of a single element of S.
Tests ¢, on the blocks are defined as follows :
®n,: ©r,(B(iy)) = 0 always.
0 if |(i;); OR (i), = 8.
F if|(i;), OR (i,),| < 8.
0 if |(iy); OR (iy); OR (i3)s] = 12,

F if [(i}); OR (i), OR (iy),] < 12.

Pry’ Puy(Bliy 1) ={

Py Puy(Bliy, iz, i3)) = {

(pn,;:

®n,:  similarly defined using 16, 20, 24 on the right.

P

T if|(i,); OR - - OR (i,),| = 27,

: B(@,, - ,i)) =
Pu’ ¢mr B ) {F if (i,); OR -+ OR (i), < 27.

Here |x| denotes the number of nonzero bits in the word x. Note that ¢, (B(i,,
oL ig) = @iy, ", iy), B(iy, ", i,) being the discrete block {(iy, -, i;)}.
These tests simply determine whether or not the partially assembled pieces are
nonoverlapping or not.

The SOMA cube admits the group of order 48 of all symmetries of a cube.
Isomorph rejection is carried out in the following way: clearly the partitions
my, ", W, are stable under the action of the group, i.e., the blocks of any one are
permuted among themselves. The orbits of the group acting on n, are represented
on List A by:
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Location Size of
Stabilizer
Back 1
B(13) 644000000 plane
B(14) 322000000
Back 1
plane
B(15) 000644000 } Same as above, resp. 2
B(16) 000322000 but in center plane. )
FI1G. 5

The B list is so arranged that no cell of the front plane is filled for i, = 1, 2,
-+, 32, and no cell of the back plane is filled for i, = 33,34, - - -, 64. Thus the first
32 words of this list represent the orbits of the group of order 2 when acting on
B(15) and B(16). The stabilizers of blocks B(15, 1) to B(15, 32) and blocks B(16, 1)
to B(16, 32) are the group consisting of the identity alone.

To summarize the search: search the Cartesian product S = X, x -+ x X,
using i; = 13,14, 15, 16 only; use i, = 1,---,64ifi, = 13or 14, i, =1, ---, 32
if i, = 15 or 16. All elements of the lists X5, -+, X, are used.

This search was carried out on a Burroughs B6700 machine. A slight modifica-
tion of the backtracking algorithm was used: when i, ---, i are chosen, i, is
unique, so when backtracking from k = 7, we would go to k = 6 rather than trying
to advance with k = 7. The search yielded 240 inequivalent solutions. Counting
each one 48 times yields the 48 - 240 = 11,520 solutions stated in the literature.

The search for the solutions to the SOMA cube may be conducted as a
parallel search. The two test functions will be: the test function ¢, used above,
which we will now denote by ¢;, and a second test function ¢, which we now
describe.

Two cells of the cube will be called adjacent if they share a common square;
a cell will be called isolated if it is not filled, but all cells adjacent to it are filled. If a
piece is removed from an assembled or partially assembled cube, none of the
resulting unfilled cells can be isolated. Hence, at any point in the assembly where an
isolated cell is produced, the algorithm should backtrack.
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In the notation used above, let

b, = 400000000 ¢, = 240400000
b, = 040000000 ¢, = 424040000
by = 004000000 ¢, = 042004000

b,, = 000000001  c,, = 000001012

be the list of cells b; in the cube and the cells c; adjacent to each one of them.

Define ¢, as follows:
P, 97, (BG)) =0 always.

0 if((i;); OR (iy), AND b; = 000000000 implies ((i,),
Ory: Pr(Bliy, 13)) = OR (i;),) AND ¢; # ¢; for j=1,2,---,27.
T F  otherwise.

AND denotes bit by bit Boolean ‘“‘and”.

4

Prs -

defined similarly to ¢, using ((i;); OR --- OR (iy),) for k = 3,4,5,6.
Pre
Qryt @r(Bliy, -+, i7)) = 0 always.

The above is a search using two test functions; with this problem we could
also view it in terms of 28 test functions.

This parallel search was carried out, again on the Burroughs B6700 machine.
The parallel tests were necessarily performed sequentially and, because it appeared
to be the faster test, ¢, was performed first.

The results are in Table 2.

TABLE 2

Program length X .
Search Test . Execution time
(machine code)

nonparallel 0. (=0 367 words 337.1 seconds

parallel ¢, and ¢, 1,223 words 72.4 seconds

The parallel search for this implementation is faster by a factor of 4.66.

To obtain a slightly more detailed picture of the search, we introduce crude
tree “profiles”. Let C,, k =1, ---, 7, denote the number of times testing was
done on some block of m,. C, + --- + C, reflects the total “cost” for all testing.
Let N, denote the number of blocks of m, which test 0 or T; in the SOMA cube
example, this represents the number of assemblies or partial assemblies of the
cube. For the flow chart, see Fig. 6.
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C,Cp+1

FI1G. 6

The profiles for the two searches on SOMA are shown in Table 3. The ratio
of ““costs” is 4.83, which closely reflects that of the execution times.

TABLE 3
Nonparallel Parallel

k Nk Ck k Nk Ck

1 4 4 1 4 4
2 108 192 2 101 192
3 1,993 1,776 3 1,316 7,272
4 14,576 143,496 4 4,506 »94,752
S 25,004 1,399,296 5 3,717 432,576
6 3,909 2,400,384 6 378 356,832
7 240 545,764 7 240 37,300
total 4,496,912 total 928,928
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helpful suggestions in the preparation of this manuscript.
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COMPUTING THE WEAK COMPONENTS OF
A DIRECTED GRAPH*

JEAN FRANCOIS PACAULTY}

Abstract. The weak components of a directed graph G are defined as follows: two vertices u and v
of G belong to the same weak component if there is a directed path from u to v and from v to u (then
u and v belong to the same strong component) or if one can go from u to v and back through a sequence
of “nonpath” steps. The weak components can be determined with an algorithm involving O(max (num-
ber of vertices, number of edges)) computation time. The algorithm first determines a partition C,,
-+, C, of the set ¥ of vertices of G such that the weak components are the unions of C;’s of consecutive
subscripts, and then groups consecutive C;’s together to form the weak components.

Key words. algorithm, connectivity, directed path, directed graph, weak component

1. Introduction. The concept of weak components of a directed graph was
first introduced by R. L. Graham, D. E. Knuth and T. S. Motzkin [2]: two vertices
u and v belong to the same weak component® if they belong to the same strong
component—that is, if there is a directed path from u to v and from v to u—or if
one can go from u to v and back through a sequence of “nonpath” steps. (There is
a “nonpath” from u to v if and only if there is no directed path from u to v.) It
has been shown that the weak components constitute the finest partition of the
set of vertices of the graph which is totally ordered by the relation that the graph
represents.

Knuth [1, Prob. 34] stated as an open problem the task of finding all weak
components of a given directed graph as efficiently as possible.

Following is an algorithm involving an O(max (number of edges, number of
vertices)) number of steps, if the algorithm is implemented on a random access
computer, to determine the weak components of an acyclic graph. This algorithm
first partitions the set of vertices V into subsets C,, ---, C, such that the weak
components are the union of C;’s of consecutive subscripts, and then groups the
C;’s together to form the weak components (the C;’s are such that any path of
the graph leads through a sequence of C;’s, with i strictly decreasing, and, for all
i, for any vertex v belonging to C;, for any j smaller than i, there is a path from v
to some vertex in C).

For simplicity, we shall assume that we are dealing with an acyclic graph.
However, both the algorithm and the mathematical results it relies on can be
extended to determine the weak components of any directed graph, acyclic or
not, by first using Tarjan’s algorithm [3] to find the strong components.

2. Definitions. Let G be the directed graph of a binary relation R over a
finite set V. We assume G is acyclic; see § 5. Let R* denote the transitive closure
of R, and let R~ be the complementary relation.

* Received by the editors March 14, 1973. This research was sponsored by the United States Air
Force, Air Force Office of Scientific Research, under Grant AFOSR-71-2076.

t Department of Electrical Engineering and Computer Sciences and the Electronics Research
Laboratory, University of California at Berkeley, Berkeley, California 94720.

! The concept of weak component should be distinguished from the concept of ordinary connected
‘“components”, which are defined for the undirected graph formed by disregarding the orientations.
Some authors have used the term “weak component” for the latter concept.
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DEerFINITION 1. The binary relation R, over V defined by
aR, b<(a=bor(@aR*band bR" a))

is an equivalence relation. The equivalence classes it determines are the strong
components of G. As G is here assumed to be acyclic, the strong components of
G are the nodes of G.

DEerINITION 2. The binary relation R, over V defined by

aR,b<>(@aR;bor(@aR* " *hand bR* ™ " qa))

is an equivalence relation [2]. The equivalence classes it determines are the weak
components of G.

From now on, unless otherwise specified, G is assumed to be an acyclic
graph. The strong components of G are then the vertices of G.

We define the partition C,, ---, C, as follows: vertex u belongs to C;,, if
and only if the longest path from u to any terminal vertex is of length i.

DEerINITION 3. Vertex u belongs to C, if and only if there is no arc coming
out of u.

DEFINITION 4. Vertex u belongs to C;, , if and only if all the arcs coming out
of u go to nodes in some C;’s, for values of j smaller than i + 1, and there is a
node v in C; such that (u, v) is an arc of G.

These two definitions can be rewritten as follows.

DerINITION 3'. ueC,; <> (VveV,uR™ v).

DEFINITION 4. ue Ciy; <> (VveV,uRv=veC;,j < i)and (3ve C; such
that u R v)).

3. Theorems.
LEMMA 1. If u belongs to C;, v belongs to C; and i is smaller than or equal to j,
then there is no path from u to v. (That is,u R* ~ v).

Proof. If not, then there exist uy, = u,u,, ---, u, = v, for some n greater
than zero, such that u = uo Ruy,---, u,_, Ru, = v.
It follows that u, belongs to C,, for some k smaller thani,forallg = 1,---, n,

contradicting the fact that i is smaller than j. [

COROLLARY. If u and v belong to the same C;, then they belong to the same
weak component.

LemMA 2. If C; and C,, for k greater than j, are contained in the same weak
component W, then, for all j,i < j < k, C; is contained in W.

Proof. Let C; and C, be part of a weak component W, let j be such that
i £ j <k, and let u belong to C;, v belong to C;, w belong to C,.

Since w and u are both in W, we have wR™ ~ * u. Since i £ j < k, Lemma 1
proves that u R*~ v and v R*~ w. Therefore, wR*~* v and v R*~* w, that is
C;is included in W. [

Lemmas 1 and 2 prove that the weak components are the unions of con-
secutive blocks of C;’s. All we must do to complete the determination of weak
components is to characterize the boundaries between these blocks.

THEOREM 1. C; and C;,, are both contained in the same weak component if
and only if there exists a vertex u belonging to C;, ,, and a vertex v belonging to
C;, for some j smaller than i + 1, such that u R* ~ v.
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Proof. (i) If such u, v exist, we have u R* ~ v and, by Lemma 1, for any w in
C;,vR* “wand wR" ~ u. Therefore, we have u R* ~* w and wR* ~ u. Hence
C; and C;, are both contained in the same weak component.

(i1) Conversely, assume that C; and C;,, are contained in the same weak
component W.

Then for any x in C;,, and any w in C;, there exist ug = X, Uy, -+, u, = w
such that x = ug R* “u,,---, R* ~u, = w. Therefore, there exists k such that
u;, belongs to C,, for some [ greater than i, and u,,, belongs to C; for some j
smaller than i + 1.

If [ is greater than i + 1, there exists u belonging to C;,, such that u, R* u.
Otherwise, let u be u,. Let v be u, ;. It follows thatu R* ~v. [

4. Description of an algorithm to find the weak components. An algorithm to
find the weak components can be based on the preceding theory as follows.

Determine the partition Cy, - - -, C, of V by performing a depth-first search
[3] of the graph, and set label (v) : = i if v belongs to C;. Determine for each node
v the function lowest (v) = min (label(w)| w R v).

Then, for each node, increase lowest (v) by one if there exists w in Cjyest(v)
such that w R~ v. (Therefore, it is intuitively seen that if v belongs to C;, then
Crowestw)—1- - - + » C; Will be contained in the same weak component. This is proved
by Lemma 3 and its corollaries.)

Then group consecutive C;’s together, according to the criterion of Theorem
1, by grouping together subsets C;, - - -, C;, if there is a node v in C; such that
lowest (v) equals i + k + 1.

A possible implementation is as follows. (G is represented by an adjacency
structure, such that w is in the adjacency list of v if and only if v R w.)

begin
integer p, i;
procedure partition (v)
comment this procedure determines label (v), which is the subscript of the C;
that v belongs to. Number (i) is the number of nodes belonging to C;, and
p the number of subsets C; in the partition. n(w) is the number of nodes v
N Cgyesiw) Such that v R w;
begin
for w in the adjacenty list of v and w is not yet labeled do
partition (w);
label (v) :=1;
for w in the adjacency list of v do
label (v) : = max (label (v), label (w) + 1);
p := max (p, label (v));
number (label (v)) : = number (label (v)) + 1;
for w in the adjacenty list of v do
begin if lowest (w) = label (v) then n(w) : = n(w) + 1
else if lowest (w) > label (v) then
begin n(w) :=1;
lowest (w) : = label (v);
end
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end
end partition;
procedure weakcomp
comment this procedure groups consecutive C;’s together, once lowest (v) has
been determined for each node v;
begin integer i, k ;
for v a vertex do
begin if n(v) < number (lowest (v))
then lowest (v) : = lowest (v) + 1;
end;
for v a vertex do
high (label (v)) : = max (high (label (v)), lowest (v));
i:=0;
k:=0;
L2 start new component
Ll i:=i+1.
if i < p then
begin
put C; in current component ;
k := max (k, high (i));
ifk>i+ 1gotoLl1elsegotol2;
end;
end weakcomp;
p:=0;
for i := 1 step 1 until VV do number (i) : = high (i) := 0;
comment V is the total number of nodes;
for v a vertex do
begin label (v) := 0; lowest (v) := V + |; end;
for v a vertex and v is not yet labeled do partition (v);
weakcomp;
end;

THEOREM 2. This algorithm actually determines the partition C,, ---, C,,.

Proof. The proof of this fact is straightforward from the definitions.

LeEMMA 3. Let v belong to C;, and let k be equal to lowest (v); then

(i) either, for all wsin C;,, U --- UC,_,, we have u R*~ v and for all w’s
in C, we have w R* v, or

(i) for all wsin C;yy U -+ U Cy_,, we have u R* ~ v, and there exist w,

and wy in Cy_ such that w, R* v and w, R* ~ v.

Proof. The definition of the function lowest (v), as it is computed in pro-
cedure weakcomp, clearly implies either that forallu’sin C;,; U --- U C,_,, we
have u R~ v and for all w’s in C,,, we have w R* v, or that, for all w’sin C;,., U - --
U Cy_,, we have u R™ v, and there exist w; and w, in C,_; such that w, Rv
and W, R™ v.

Moreover, if u belongs to C; with j smaller than k = lowest (v), and if
u R~ v holds, we have u R* ~ v, for otherwise there would exist some node Xx,
with label (x) greater than i and smaller than j, such that u R* x R v. Hence we
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would have lowest (v) smaller than or equal to label (x) + 1, which is smaller
than k. [

COROLLARY 1. Let v belong to C;, and lowest (v) be equal to i + 1. Then, for
allwsinC,,,, we haveu R* v.

Proof. Case (ii) of Lemma 3 cannot occur here, for there is no node w in
Clowestny—1 = Ci such that w R™ v. Therefore, we are in case (i), and all the nodes
uin C;,, are such thatu R v. U

COROLLARY 2. Let k be the maximum, over all nodes v belonging to a given C;,
of lowest (v) (i.e., k is equal to high (i), as it is computed in procedure weakcomp).
Then C;,C;yy, -+, C,_, are contained in the same weak component.

Proof. The proof is straightforward after Theorem 1 and Lemma 3.

THEOREM 3. This algorithm actually determines the weak components.

Proof. The result of the test “k > i + 1’ performed in procedure weakcomp
determines whether C; and C;, , are contained in the same weak component. We
want to show that C; and C;, , are parts of the same weak component if and only
if the condition “k > i + 1”” holds in procedure weakcomp.

Clearly, when the test is performed in procedure weakcomp, we have
k = max (high (/)| j = 1).

(a) If k is bigger than i + 1, then there exists j smaller than or equal to i
such that k = high (j). Hence, after Corollary 2 of Lemma 3, C; and C,_, are
contained in the same weak component. Therefore, after Lemma 2, C; and C;
are contained in the same weak component.

(b) If k is equal to i + 1, we prove by induction on i — j that, for all u’s in
Ci+, and for all v’s in C;, we have u R™ v (property P), for j smaller than i + 1.

Property P holds for j = i, after Corollary 1 of Lemma 3, since high (i) is
equal toi + 1.

If property P holds for h =i,i — 1,---,j + 1, then, for v belonging to C;,
either

—lowest (v) is smaller than i + 1. Then after Lemma 3, there exists w in
Crowestv) OF Clowestw)— 1> Such that w Rv. (w can belong to Cjyyesy—1 only if
lowest (v) is greater than j + 1). Therefore, as property P holds for h greater
than j, for all u’s in C;, ,, we have u R* w R v, or
—lowest (v) is equal to i + 1. Then, after Lemma 3, either
—for all w’sin C;, |, we have u R* v, or
—there exists w in C; such that w R v. Therefore, as property P holds for h
equals i, for all w’s in C,, ,, we have u R* w R v.

Thus, if k is equal to i + 1, for all w’sin C;,; and all v’'sin C; U --- Cy, we
have u R* v. Hence, by Theorem 1, C;,; and C; are not contained in the same
weak component.

(c) k cannot be smaller than i + 1, as high (i) is always bigger than i. U

THEOREM 4. This algorithm requires O(max (number of vertices, number of
edges)) computation time, if it is implemented on a random access computer.

Proof. The proof is straightforward, since procedure partition is called
exactly once for each vertex.

5. Possible extension. This algorithm can be extended to be used for any
graph, acyclic or not, as follows. First, use Tarjan’s algorithm [3] to determine
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the strong components by performing a depth first search. For each strong com-
ponent SC so determined, compute label (SC) and lowest (SC) according to
procedure partition. Then shrink the strong components SC to get an acyclic
graph, by discarding the edges interior to the strong components, and creating
a new vertex v such that label (v) = label (SC), lowest (v) = lowest (SC), where
the set of edges coming into or going out of v is the same as the set of edges coming
into or going out of SC. Then apply the procedure weakcomp to the acyclic
graph.
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FINDING DOMINATORS IN DIRECTED GRAPHS*

ROBERT TARJANY

Abstract. This paper describes an algorithm for finding dominators in an arbitrary directed
graph. The algorithm uses depth-first search and efficient algorithms for computing disjoint set unions
and manipulating priority queues to achieve a time bound of O(Vlog V + E) if V is the number of
vertices and E is the number of edges in the graph. This bound compares favorably with the
O(V(V + E)) time bound of previously known algorithms for finding dominators in arbitrary directed
graphs, and with the O(V + Elog E) time bound of a known algorithm for finding dominators in
reducible graphs. If E = Vlog V, the new algorithm requires O(E) time and is optimal to within a
constant factor.

Key words. algorithm, binary tree, complexity, connectivity, depth-first search, directed graph,
dominator, equivalence algorithm, graph, immediate dominator, priority queue, search, set union,
stack, topological sorting, tree

1. Introduction. The following graph-theoretic' problem arises when one is
attempting to optimize computer code [1], [2]: suppose G is a directed graph with
astart vertex s. (G might represent the flow between blocks of a computer program;
vertex s then represents the initial block of the program.) If vertex d lies on every
path from vertex s to vertex i, then d is called a dominator of i. If d is a dominator
of i and every other dominator d’ of i also dominates d, then d is called an im-
mediate dominator of i. It is easy to prove that each vertex has a unique immediate
dominator if it has any dominators [1], [2]. We wish to find the immediate
dominator of each vertex in the graph.

The dominators problem is relatively new and has not been studied exten-
sively. Aho and Ullman’s algorithm [1] for finding dominators deletes each vertex
v in turn from G and tests which vertices are reachable from s. Any reachable
vertex is not dominated by v. This algorithm requires O(V(V + E)) time if the
problem graph has V vertices and E edges. Purdom and Moore’s algorithm [3]
has the same time bound ; no previously published algorithm is faster in general.
See [2], [4], [5] for other algorithms. Aho, Hopcroft and Ullman [6] have con-
structed an O(V + E log E) algorithm for finding dominators in a restricted class
of graphs called reducible graphs [7], [8], [9]. Their algorithm is based on an
efficient method for finding least common ancestors in trees.

This paper describes the use of depth-first search [10] to reveal the structure
of directed graphs. Using efficient algorithms for computing disjoint set unions
[11], [12], [13] and for manipulating priority queues [14], [15], we may calculate
dominators from the search information. The resultant dominators algorithm

* Received by the editors April 26, 1973. This research was supported in part by the National
Science Foundation under Grant GJ-33170X while the author was at Stanford University.

 Department of Electrical Engineering and Computer Sciences, University of California at
Berkeley, Berkeley, California 94720.

! The graph-theoretic definitions used in this paper are more or less standard. For those un-
familiar with graph theory, these definitions appear in Appendix A, along with a definition of the big
*“0” notation.
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has an O(V + E) space bound and an O(V'log V + E) time bound. The method is
optimal to within a constant factor if E > Vlog V.

The paper is divided into several sections. Section 2 describes depth-first
search and its application to directed graphs. Section 3 describes four dominator-
preserving graph transformations which use search information and which form
the heart of the dominators algorithm. Section 4 outlines the algorithm. Sections
5 and 6 give the details of some of the necessary calculations, and § 7 presents the
complete algorithm. Section 8 gives an even faster algorithm for finding dom-
inators in certain special graphs, suggesting that a faster algorithm may exist in
general. Section 9 gives conclusions.

2. Depth-first search. We wish to calculate IDOM(v), the immediate domi-
nator of v, for each vertex v in a directed graph G with V vertices and E edges.
Figure 1 shows a graph for which we might wish to solve this problem. We begin
by exploring G starting at vertex s and marking all vertices reached. Vertex s and
vertices remaining unmarked have no dominators, while all other vertices have
dominators. The problem is then reduced to finding dominators in the subgraph
G, whose vertices are all those reachable from s. In G, each vertex has a domi-
nator. Furthermore, we have the following lemma.

FI1G. 1. A directed graph in which we wish to find dominators

LemMa 1 [1], [2]. We may construct a tree (called the dominator tree of G,)
whose vertices are those of Gy and such that w is a son of v in the tree if and only
if v is the immediate dominator of w. The ancestors of w in the tree are precisely the
dominators of w. (Figure 2 shows the dominator tree of the graph in Fig. 1.)
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1

F1G. 2. The dominator tree of the graph in Fig. 1. Vertex L in Fig. 1 has no dominators.

To mark the vertices reachable from s, we carry out a depth-first search of G
[10]. That is, we start at vertex s and choose an edge leading from s to explore.
Traversing the edge leads to a vertex, either new or already reached. In general,
we continue the search by selecting and traversing an unexplored edge from the
most recently reached vertex which still has unexplored edges. Eventually each
edge will be traversed exactly once. To implement such a search, we use a set of
adjacency lists A(v), one for each vertex v in the graph; if (v, w) is an edge of G,
then w appears in the adjacency list A(v). Each edge is represented exactly once.
Here is a recursive procedure for carrying out a depth-first search:

procedure DFS(v);
begin comment v is the most recently reached vertex ;
MARK(v) : = true;
for we A(v) do
if mMARK(v) then DFS(w):
end;

The following statements will then mark every vertex reachable from s, by
applying DFS:

comment mark all vertices reachable from s ;
for each vertex v do MARK(v) : = false:
DFS(s);

A depth-first search yields much more information than just which vertices
are reachable from the start vertex of the search. In particular, it gives enough
information about the connectivity structure of the graph to efficiently determine
dominators. Let us add a few more calculations to the search. (Henceforth for
convenience we shall assume that all vertices in G are reachable from s.)

DFS is a recursive procedure ; the successively reached new vertices are input
parameters to DFS and thus are stored on a stack (in any implementation of DFS).
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This stack contains all vertices reached which may still have unexplored edges,

and the vertices as they appear in order on the stack determine a path in G from

s to the current vertex being examined during the search. Suppose we keep track

of which vertices are stacked at any given time, and that we number the vertices

from 1 to V in the order they are reached during the search. Then a depth-first

search of a directed graph partitions the edges traversed into four classes:

(1) Edges (v, w) with w unmarked when (v, w) is explored, called tree arcs.

(2) Edges (v, w) with w stacked when (v, w) is explored, called fronds.

(3) Edges (v, w) with NUMBER(v) < NUMBER(w) and w unstacked when (v, w)
is explored, called reverse fronds.

(4) Edges (v, w) with NUMBER(v) > NUMBER(w) and w unstacked when (v, w)
is explored, called cross-links.

Lemma 2 below gives the properties of edges in these four classes. In par-
ticular, the tree arcs determine a spanning tree T of G which has root s. One
more numbering scheme based on depth-first search is useful. Let the vertices of
G be numbered from V to 1 as they are unstacked during the search. We shall
denote this numbering by SNUMBER(v). Lemma 3 below gives properties of
SNUMBER'’s. Here is an elaborated version of the depth-first search procedure
which computes both types of number for each vertex, divides edges into their
classes, and also counts the number of descendants ND(v) of each vertex v in the
spanning tree T.

procedure CLASSIFY(G, s);

begin comment the edge-classifying procedure uses the following elaborated
version of DFS. Variable m denotes the last NUMBER assigned to any
vertex. Variable n denotes the last SNUMBER assigned to any vertex. The
procedure assumes that G is represented as a set of adjacency lists A(v).
NUMBER(v) = 0 if and only if v has not been reached. SNUMBER(v) = 0
if and only if v has not yet been unstacked ;

procedure DFSEARCH(v);

begin
m := NUMBER(®) :=m + 1;
ND(@) :=1;
for we A(v) do
if NUMBER(w) = 0 then
begin
label(v, w) a tree arc;
DFSEARCH(w);
ND(v) := ND(v) + ND(w);
end

else if SNUMBER(w) = 0 then
begin comment vertex w is stacked ;
label(v, w) a frond;
end
else if NUMBER(v) < NUMBER(w) then
label(v, w) a reverse frond
else label(v, w) a cross-link ;
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n:= SNUMBER(@) :=n — 1;
comment v is now unstacked ;
end;
comment to classify the edges we initialize and call DFSEARCH;;
m:=0;
n:=V+1,
for each vertex v do NUMBER(v) := SNUMBER(v) := 0;
DFSEARCH(s);
end;

Figure 3 illustrates what CLASSIFY does to the graph in Fig. 1. It should
be clear that this elaborated version of depth-first search correctly numbers the
vertices and classifies the edges. Reference [10] contains a proof that these cal-
culations require O(V + E) time and space. Lemmas 2-5, given without proof,
state basic properties of the numbers calculated by CLASSIFY.

FIG. 3. Depth-first search applied to graph in Fig. 1. Tree arcs are labeled T, fronds F, reverse fronds
R, and cross-links C. Numbering vertices from 1 to V as vertices are reached during the search gives the
first number at each vertex. Numbering the vertices from V to 1 as vertices are unstacked during the
search gives the second number at each vertex.

LEMMA 2. Suppose that all vertices of a directed graph G are reachable from
vertex s, and that the edges of G are divided into classes using CLASSIFY(G, s).
Then:

(i) The tree arcs form a directed tree T with root s which contains all vertices
in G. We shall denote the existence of a tree arc (v, w) by v — w, and the
existence of a path fromvtowin Thy v * w.

(i) If (v, w) is a frond, then NUMBER(w) < NUMBER(v), and w * v in T.

(i) If (v, w) is a reverse frond, then v * win T.

(iv) If (v, w) is a cross-link, then neither v > w in T nor w * vin T.
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LeMMA 3. If (v, w) is a tree arc, a reverse frond, or a cross-link, SNUMBER(v)
< SNUMBER(wW). If (v, w) is a frond, SNUMBER(v) > SNUMBER(w).

LEMMA 4. Let v be a vertex in G. Then the number of descendants of v in the
spanning tree T is given by:

LEMMA 5. Statements (i), (ii), (iii) and (iv) below are equivalent.
@)v>winT.

(i) NUMBER(v) £ NUMBER(w) < NUMBER(v) + ND(v).

(i) SNUMBER(v) £ SNUMBER(w) < SNUMBER(v) + ND(v).

(iv) NUMBER(v) £ NUMBER(w) and SNUMBER(v) £ SNUMBER(w).

Lemma 5 gives us three methods for identifying the descendants of a vertex
and allows us to dynamically identify fronds, reverse fronds, and cross-links if we
so desire.

LEMMA 6. G is acyclic if and only if G has no fronds.

Proof. If G has a frond (v, w), then the frond and the set of tree arcs joining
v and w form a cycle. If G has no fronds, all edges (v, w) satisfy SNUMBER(v)
< SNUMBER(w). Since any cycle in G must have at least one arc (v, w) with
SNUMBER(v) > SNUMBER(w), G has no cycles.

COROLLARY 7. If G is an acyclic directed graph, CLASSIFY assigns SNUM-
BER’s to G so that if (v, w) is an edge, SNUMBER(v) < SNUMBER(w). Thus
CLASSIFY gives an O(V + E) algorithm for “topologically sorting™ the edges of
G. (See Knuth [16] for further discussion of this problem.)

LemMMA 8. Let p be a path from v to w in G. Let vertices be identified by their
number. Suppose v < w. Then p contains some common ancestor of v and w in T.

Proof. Let T, with root u be the smallest subtree of T containing all vertices
on the path p. We prove that p passes through u. If u = v or u = w, the result is
immediate. Otherwise, let u; < u, < --- < u, be the sons of u such that for each
u;, some descendant of u; is on p. For any i, let T, be the subtree of T with root
u;. If n = 1, p must pass through u since p is minimal. If n > 1, there must be some
u;, uj, i < j, such that p leads from T, to T, . This is true since v < w and all the
vertices in T, are numbered smaller than all the vertices in T, if i <j. But p can
only get from T, to T,, by passing through u, since the only edges leading from
lower numbered vertices to higher numbered ones are tree arcs and reverse
fronds. The lemma follows.

The properties of depth-first search presented above may be used to construct
a good algorithm to solve the dominators problem. One way to find dominators
is to convert G into an equivalent acyclic graph, by deleting each frond and re-
placing it by an equivalent set of reverse fronds and cross-links to preserve
dominators. In the resultant acyclic graph, the dominators may be found for the
vertices in SNUMBER order from 1 to V, since any path leads through vertices
with increasing SNUMBER. This algorithm has an O(V'?) time bound [17]; the
time bound is not linear in the number of edges because the number of added
reverse fronds and cross-links may be large. To get a faster algorithm, we must
be a little more clever.
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The idea we use is to convert G into a graph with no fronds and no cross-
links by adding suitable reverse fronds. We use four simplifying transformations
which preserve dominators to accomplish this. First we delete all fronds and
replace them with a simpler set of fronds, at most one leaving each vertex. Then
we convert cross-links to reverse fronds, we combine fronds and reverse fronds
to give new reverse fronds, and we delete all but one reverse frond entering each
vertex. The last three transformations must be carried out simultaneously with
the dominator calculations. The computation proceeds through the vertices in
NUMBER order, from V to 1. Section 3 describes the four transformations and
proves that they preserve dominators.

3. Dominator-preserving transformations. Suppose that a depth-first search
of a directed graph G is carried out using CLASSIFY(G, s), and that all vertices
of G are reachable from the start vertex s. For any vertex v, let F(v) = {w|lw # v
and Ju(w * v = uin Tand (u, w) is a frond of G)}. Let HIGHPT(v) be the highest
numbered vertex in F(v) if F(v) is nonempty. (Here and henceforth we shall only
use one numbering of vertices, NUMBER as calculated by CLASSIFY.) Since
each element in F(v) is an ancestor of v in T, it is clear that we F(v) implies
w * HIGHPT(v). Let G’ be the graph formed from G by deleting all fronds and
adding a new frond (v, HIGHPT(v)) for each vertex v for which HIGHPT(v) is
defined. This is our first transformation, called frond replacement. Figure 4 shows
the graph in Fig. 3 transformed in this way.

F1G. 4. Frond replacement applied to the graph in Fig. 3. Vertices are numbered in search order.
Vertex K loses a frond ; vertices 1, F and C gain a frond.

We have the following results.

LEMMA 9. Let G’ be formed from G by frond replacement. If w v 5 uin T
(the spanning tree of G and G'), and if (u,w) is a frond in G, then there is a path
from v to win G’ which consists only of fronds.
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Proof. The proof is by induction on the length of the tree path from w to v.
If w = v, then the lemma is true since there is a path containing no edges from
any vertex to itself. Let the lemma be true whenever the tree path from w to v
has length less than k, and suppose the tree path from w to v has length k. Since G
contains a frond (u,w) with w % v u, we F(v) and HIGHPT(v) is defined.
Furthermore HIGHPT(v) # v and w * HIGHPT(v) * v. By the induction
hypothesis, there is a path of fronds from HIGHPT(v) to w in G'. Adding (v,
HIGHPT(v)) to the front of this path gives a path in G’ from v to w which consists
only of fronds. By induction the lemma is true.

LEMMA 10. Vertex d dominates vertex v in G if and only if d dominates v in G'.

Proof. Suppose w does not dominate v in G. Then in G there is a path from
s to v which does not contain w. Suppose this path contains a frond (u, u’) with
u" * w. Then we may replace the part of p up to and including the last such frond
by a path of tree arcs. This gives us a path in G from s to v which contains neither
w nor any frond (u, u') such that v’ *» w. If we now replace each frond in the path
by the corresponding path of fronds in G’ guaranteed by Lemma 9, we get a path
p’ in G’ from s to v which doesn’t contain w, and w does not dominate v in G'.

Conversely, suppose w does not dominate v in G'. Then there is a path p’
in G' from s to v which doesn’t contain w. Suppose this path contains a frond
(u, HIGHPT(u)) with HIGHPT(u) > w. Then we may replace the part of p’ up
to and including the last such frond by a path of tree arcs. This gives us a path
p” in G’ from s to v which contains neither w nor any frond (v, HIGHPT(u)) with
HIGHPT(u) = w. Corresponding to any remaining frond (v, HIGHPT(u)) on
path p” there is a frond (v, HIGHPT (1)) in G with u - u'. If we replace each
frond (v, HIGHPT(u)) in p” by a path of tree arcs from u to u’ followed by the
frond (v, HIGHPT(u)), we get a path p in G from s to v which doesn’t contain
w. It follows that w does not dominate v in G, and the lemma is true.

To calculate dominators in G, we apply frond replacement and calculate
dominators in the transformed graph G'. Observe that if frond replacement is
applied to G', the result is G’ itself. Henceforth we shall assume that G is a graph
which has been explored using CLASSIFY and whose fronds have been replaced
as specified above. We shall identify vertices using the NUMBER assigned to
them by CLASSIFY.

LEMMA 11. Let (u, v) and (uq,v) be two reverse fronds in G, with u, > u. Let
G’ be the graph formed from G by deleting edge (u,,v). We call this transformation
“reverse frond deletion”. Then d dominates v in G if and only if d dominates v in G'.

Proof. Since G’ is a subgraph of G, every path in G’ is a path in G. Thus if
d dominates v in G, d dominates v in G'. Conversely, suppose w does not dominate
v in G. Then there is a path p in G from s to v which doesn’t contain w. If p
doesn’t contain (u,,v), then p is a path in G’ and w doesn’t dominate v in G'.
Suppose p contains (1, v). If w is a descendant of u;, we may replace the part of
p up to and including edge (u,, v) by the path of tree arcs from s to u followed by
the frond (u, v) to get a path p’ in G’ from s to v which doesn’t contain w. If w is
not a descendant of u,, we may replace (u,, v) in p’ by the path of tree arcs from
u; to v and get a path p’ in G’ from s to v which doesn’t contain w. In no case
can w dominate v in G’, and the lemma is true.
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LEMMA 12. Let v be a vertex in G such that one frond (v, HHIGHPT(v)) leaves v,
at most one reverse frond (say (u, v)) enters v, and no cross-links or fronds enter v.
Let G' be the graph formed from G by deleting frond (v, HHIGHPT(v)) and adding
(u, HIGHPT(v)) if (u,v) is defined and (u, HIGHPT(v)) is a reverse frond (i.e.,
u < HIGHPT(v)). We call this transformation “‘frond deletion”. Then d dominates
w in G if and only if d dominates w in G, assuming no frond deletions have been
applied to vertices x < v.

Proof. Suppose x does not dominate w in G. Then there is a path p in G
from s to w which doesn’t contain x. If p doesn’t contain (v, HIGHPT(v)), then p
is a path in G'. If p contains (v, HIGHPT(v)), then p must contain either (u, v) or
the tree arc entering v. If x is not a proper ancestor of HIGHPT(v), then we can
replace the part of p up to and including (v, HIGHPT(v)) by the path of tree arcs
from s to HIGHPT(v) and have a path in G’ which doesn’t contain x. Suppose
x is a proper ancestor of HIGHPT(v). If the edge before (v, HIGHPT(v)) in p is
(u,v) and u < HIGHPT(v), then we may replace (1, v) and (v, HIGHPT(v)) by
(u, HIGHPT(v)) and have a path in G’ which doesn’t contain x. If the edge before
(v, HIGHPT(v)) is a tree arc, or if it is (4, v) and u > HIGHPT(v), then by Lemma
9 we may replace (v, HIGHPT(v)) and the edge before it by a path of fronds and
have a path in G’ which doesn’t contain x. In any case x doesn’t dominate w in G'.

Conversely, suppose x does not dominate w in G'. Then there is a path p’
in G’ from s to w which doesn’t contain x. If p’ doesn’t contain (u, HIGHPT(v)),
then p’ is a path in G. Suppose p’ contains (u, HHIGHPT(v)). If x # v, we may
replace (1, HIGHPT(v)) in p’ by (1, v) and (v, HIGHPT(v)) to give a path in G which
doesn’t contain x. If x = v, we may replace the part of p’ up to and including
(u, HIGHPT(v)) by the path of tree arcs from s to HHGHPT(v) and have a path in G
which doesn’t contain w. In no case does x dominate win G, and the lemma is true.

The dominators algorithm works in the following way: first we apply frond
replacement to G. Next, we process the vertices from V to 1. To process a vertex
v, we convert all incoming cross-links to reverse fronds (by a transformation yet
to be described), we eliminate all but one reverse frond entering v by applying
reverse frond deletion, and we eliminate the frond (if any) leaving v by applying
frond deletion. We are left with at most one tree arc and one reverse frond entering
v. We then update the partially calculated dominators and proceed to the next
vertex.

In order to understand the transformation of cross-links into reverse fronds,
we must examine in detail the way dominators are calculated. Let G be a graph
which has been explored using CLASSIFY and whose fronds have been replaced.
Let G(i) be the subgraph of G which contains all the tree arcs in G plus all edges
leading to vertices v such that NUMBER(v) > i. Let the i-th semidominator of
vertex v (abbreviated SDOM(, v)) be the immediate dominator of v in G(i). In
all that follows we shall assume that v # 1 (that is, v is not the start vertex) so all
semidominators are defined. The dominators algorithm calculates SDOM(i — 1,
v) for all vertices when vertex i is processed. The SDOM values tell us how to
convert cross-links into reverse fronds as well as giving dominators (SDOM(0, v)
= IDOM(v)). The lemmas below describe semidominators. By combining these
results with the lemmas above, we can build a dominators algorithm.
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LEMMA 13. If v # 1 and i = v, SDOMU, v) is the father of vertex v in the tree
generated by CLASSIFY.

Proof. G(i) contains only one edge leading to vertex v; namely, a tree arc.
Every path from s to v must pass through this edge. The lemma follows.

LEMMA 14. For all i, if v # 1 then SDOM(i — 1, v) * SDOM(, v).

Proof. For all i, if v # 1, the only dominators of v in G(i) lie on the tree path
from s to v. Furthermore, G(i) is a subgraph of G(i — 1), so if w dominates v in
G(i — 1), w must dominate v in G(i). The lemma follows.

LEmMMA 15. If v # 1 and SDOM(i, v) = i, then IDOM(v) = i.

Proof. By Lemma 14, IDOM(v) = SDOM(0, v) - SDOM(, v). Thus if
SDOM(i, v) dominates v in G, SDOM(i, v) = IDOM(v). Now we show by con-
tradiction that SDOM(i, v) dominates v in G if SDOM(, v) = i.

Suppose to the contrary that there is a path p in G from s to v which does
not contain i = SDOM(i, v). We must have i * v. Some edge in p must begin at a
nondescendant of vertex i and lead to a descendant of i. Let (u, w) be the last such
edge in p. Then w > i, and all edges following (u, w) in p have both endpoints
among the descendants of i. Since all the descendants of i have numbers larger
than i, and since u is not a descendant of i, we may replace the part of p up to
edge (u, w) by a path of tree arcs from s to u and have a path in G(i) which doesn’t
contain i. But this is a contradiction by the definition of SDOM(,v), and
SDOM(}, v) must dominate v in G. The lemma follows.

LEMMA 16. If v# 1 and i Zv, then either SDOM(,v) = IDOM(v) or
SDOM(i, v) *» i.

Proof. The proofis by induction on i. If i = v, SDOM(i, v) *» i by Lemma 13.
Let the lemma be true if i, < i < v. Suppose i = i,. Vertex i is a descendant of
the father of vertex i + 1. By the induction hypothesis, either SDOM(i + 1, v)
= IDOM(v) or SDOM(i + 1,v) > i+ 1. If SDOM(i + 1,v) = IDOM(v), then
SDOM(i, v) = IDOM(v) by Lemma 14. Otherwise SDOM( + 1,v) i + 1 and
SDOM(i + 1,v) # i + 1 by Lemma 15. Then by Lemma 14 and the comment
above, SDOM(i, v) * i, and the lemma follows by induction on i.

LEMMA 17. If u does not dominate v in G, and edge (u,v) in G is replaced by
edge (IDOM(u), v) to form graph G', then d dominates w in G if and only if d domi-
nates w in G'.

Proof. Suppose x does not dominate w in G. Then there is a path p in G from
s to w which does not contain x. If p does not contain edge (u, v) then pisa pathin G'.
Suppose p does contain (i, v). Then p contains IDOM(u), and we may replace the
part of p leading from IDOM(u) to v by the edge IDOM(u), v) and have a path
in G' from s to w which doesn’t contain x. Thus x does not dominate w in G'.

Conversely, suppose x does not dominate w in G'. Then there is a path p’
in G' from s to w which doesn’t contain x. If (IDOM(u), v) is not on p’, then p’
is a path in G. Suppose (IDOM(u), v) is on p". If x = u, then since u doesn’t domi-
nate v, there is a path ¢ in G from s to v which doesn’t contain x. By substituting
q for the part of p’ up to and including edge IDOM(u), v), we get a path pin G
from s to w which doesn’t contain x. Suppose x # u. If every path from IDOM(u)
to u in G contains x, then x dominates u. Also, every path from s to x must con-
tain IDOM(u), since IDOM(u) dominates u. Then IDOM(u) dominates x or
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IDOM(u) = x, and either is a contradiction. It follows that there is some path r
in G from IDOM(u) to u which doesn’t contain x. Substituting » and the edge
(u, v) for the edge IDOM(u), v) in p’, we get a path in G from s to w which doesn’t
contain x. In no case can x dominate w in G, and the lemma is true.

LeMMA 18. Let (u, v) be a cross-link in G. Suppose G is transformed into a new
graph G' by deleting (u,v) and adding edge (SDOM(v, u), v). We call this trans-
formation ‘‘cross-link replacement”. Then d dominates w in G if and only if d
dominates w in G'.

Proof. Since (u,v) is a cross-link, v < u. If SDOM(v, u) = IDOM(u), then
the lemma is true by Lemma 17, since u cannot dominate v unless u = v,
and u % v is impossible by Lemma 2. Suppose SDOM(v, u) # IDOM(u). Then
SDOM(v, u) > v by Lemma 16. Now suppose x does not dominate w in G. Then
there is a path p in G from s to w which doesn’t contain x. If (4, v) is not an edge
of p, then p is a path in G'. Suppose p contains (u, v). If x is not an ancestor of
SDOM(v, u), we may replace the part of p up to and including edge (u, v) by the
path of tree arcs from s to SDOM(v, u) and the edge (SDOM(v, u), v) to get a
path in G’ from s to w which doesn’t contain x.

On the other hand, suppose x is an ancestor of SDOM(v, u). Consider the
part of p from s to u. Let (y, z) be the last edge on this part of p with y < v. Then
y must be an ancestor of u, since by Lemma 8 any path from y to u must pass
through a common ancestor a of y and u, and this a satisfies a < y < v. Vertex y
must also be an ancestor of v, since y < v < u, and any ancestor of u which is
not an ancestor of v will have a number greater than the number of v. The part
of p from y to u lies in G(v), so SDOM(v, u) * y. Otherwise there would be a
path in G(v) from s to u which didn’t contain SDOM(v, u), an impossibility. Thus
we have a vertex y on p such that x = SDOM(v, u) © y *> v. We may replace the
part of p from y to v (including edge (u, v)) by the path of tree arcs from y to v.
This gives a path in G’ from s to w which doesn’t contain x, and x does not domi-
nate w in G'.

Conversely, suppose x doesn’t dominate w in G'. Let p’ be a path from s to
w in G’ which doesn’t contain x. If p’ doesn’t contain (SDOM(v, u), v), then p’
is a path in G. Suppose p’ does contain (SDOM(v, u),v). If x = u, we may re-
place (SDOM(v, u), v) in p’ by the path of tree arcs from SDOM(v, u) to v and get
a path from s to w in G which doesn’t contain x. If x # u, then there must be a
path g in G(v) (hence in G) from SDOM(v, u) to u which doesn’t contain x. Other-
wise SDOM(v, u) dominates x and x dominates u, which is impossible. Replacing
(SDOM(v, u), v) in p’ by g plus edge (u,v) gives a path from s to w in G which
doesn’t contain x. In no case can x dominate w in G, and the lemma is true.

Lemma 18 tells us how to transform cross-links into reverse fronds. Suppose
that for a fixed v, we know SDOM(v, w) for all vertices w. To convert cross-link
(u,v) into a reverse frond, we apply cross-link replacement. If the resultant edge
is still a cross-link, we apply cross-link replacement to it. We continue until we
get an edge which is a reverse frond.

Now all we need is a method for calculating semidominators. Lemma 13
tells us how to initialize the calculation. Lemma 15 tells us when we can stop
calculating semidominators for a particular vertex. The next lemma indicates
how to update the semidominator values.
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LEMMA 19. Let i be a vertex in G such that the only two edges entering i are a
tree arc (u, i) and possibly a reverse frond (w,i). If no reverse frond enters i, then
SOMD(i — 1,v) = SDOM(i, v) for all v. If a reverse frond (w,i) enters i, then
SDOM(i — 1,v) = w for all v such that i* v and w* SDOM(,v) > u, and
SDOM(i — 1, v) = SDOM(, v) for all other vertices v.

Proof. If i has no frond, cross-link or reverse frond entering it, then G(i)
= G(i — 1); thus the first part of the lemma is true. Suppose i has a reverse frond
(w, i) entering it. Since G(i — 1) has no edges but tree arcs which lead to vertices
numbered less than i, any path in G(i — 1) which contains (w, i) must terminate
at a descendant of i. Thus the paths from s to nondescendants of i are the same
in both G(i) and G(i — 1). This means that if v is not a descendant of i, then
SDOM(i, v) = SDOM(i — 1,v).

Suppose that v is a descendant of i. If SDOM(i, v) # SDOM(i — 1,v), then
there must be a path p in G(i — 1) from s to v which doesn’t contain SDOM(i, v),
but no such path in G(i). Path p must contain reverse frond (w, i). But if it is not
true that w = SDOM(i, v) *» u, we may replace (w, i) in p by the path of tree arcs
from w to i and get a path in G(i) from s to v which doesn’t contain SDOM(i, v).
This contradiction implies that if SDOM( — 1, v) # SDOM(, v), then w
* SDOM(i, v) *> u.

Now suppose it is true that w > SDOM(, v) = u. If SDOM(, v) = u, then if
d - SDOM(i,v), d dominates SDOM(i, v) in G(i) and d dominates v in G(i).
(The only arcs entering any ancestor of SDOM(, v) in G(i) are tree arcs since
SDOM(i, v) £ u < i.) On the other hand, any vertex which is not an ancestor
of SDOM(i, v) cannot dominate v in G(i). Thus in G(i) the dominators of v are
exactly the ancestors of SDOM(i, v). Now in G(i — 1), if d * w, then d dominates
w and d dominates v. If d - SDOM(i, v) but d is not an ancestor of w, then d
does not dominate v, since the path of tree arcs from s to w followed by the reverse
frond (w, i) followed by the path of tree arcs from i to v is a path in G(i — 1) which
doesn’t contain d. Thus the dominators of v in G(i — 1) are exactly the ancestors
of w, and SDOM(i — 1,v) = w. The lemma follows.

Now we have a method for calculating semidominators. We must not over-
look one subtle point. To get dominators, we will calculate semidominators,
applying the various dominator-preserving transformations to simplify the cal-
culations. We must make sure that these transformations preserve not only
dominators but also semidominators; otherwise the intermediate calculations
may go haywire. The next lemma takes care of this worry.

LeEMMA 20. Let G’ be formed from G by applying either reverse frond deletion,
frond deletion, or cross-link replacement. Then all semidominator values of G and
G’ agree.

Proof. We must compare dominators in G(i) and G'(i) to verify that the ith
semidominators in G and G’ are the same. Suppose G’ is formed from G by re-
verse frond deletion. Let (u,, v) be the deleted reverse frond, where (u, v) is another
reverse frond in G and u; > u. If i > v, then G(i) = G'(i), and the lemma is true.
If i < v, then both (u,v) and (u,,v) appear in G(i), G'(i) is formed from G(i) by
reverse frond deletion, and the lemma is true by Lemma 11.

Suppose G’ is formed from G by frond deletion. Let (v, HIGHPT(v)) be the
deleted frond and (v, HIGHPT(v)) the added reverse frond, where only a tree arc



74 ROBERT TARJAN

and a reverse frand (u, v) enter v, and only one frond leaves v. If i > HIGHPT(v),
then G(i) = G'(i), and the lemma is true. If i < HIGHPT(v), then (v, HIGHPT(v))
and (u,v) are in G(i), (u, HIGHPT(v)) is in G'(i), and G'(i) is formed from G(i) by
frond deletion. In this case the lemma follows by Lemma 12.

Suppose G’ is formed from G by cross-link replacement. Let (u,v) be the
cross-link in G which is replaced by (SDOM(v, u), v) to form G'. If i = v, then
G'(i) = G(i), and the lemma is true. If i < v, then G(v) is a subgraph of G(i), and
the vth semidominator of u is the same in both G(i) and in G. Edge (u, v) is in G(i)
and edge (SDOM(v, u),v) is in G'(i). It follows that G'(i) is formed from G(i) by
cross-link replacement, and the lemma follows by Lemma 18.

4. An outline of the dominators algorithm. Now we have all the results needed
to build a dominators algorithm. Below is an outline of the algorithm in ALGOL-
like notation.

procedure DOMINATORS(G, s);
begin
a: apply CLASSIFY(G, s) to classify the edges and number the vertices of G
reachable from s;
let G, be the subgraph of G containing all vertices reachable from s;
let G, have V, vertices;
for each vertex v of G not in G; do IDOM(v) = 0;
b: for each vertex v of G; do calculate HIGHPT(v); apply frond replace-
ment to G, to form graph G,;
c: fori:= V, step — 1 until 0 do
for v := 1 until V,do
calculate SDOM (i, v);
for i := 1 until V; do IDOM(i) := SDOM(0, i);
end;

This algorithm is straightforward and works correctly by the results in § 3.
(Frond replacement preserves dominators by Lemma 12.) Step a requires O(V + E)
time by the discussion in § 2, and the total time required by all steps except b
and c is O(V + E). Using results in § 3 we can give some details of Step c:

c: comment calculate semidominators;
begin
for v := 1 until V; do
d: begin
using reverse frond deletion, delete all reverse fronds but one
entering vertex v;
let this reverse frond be (LOWPT(v), v);
end;
e: fori:= 1 until V; do calculate SDOM(V,, i) using Lemma 13;
fori := V| step — 1 until 1 do
f: for each cross-link (u, i) do
begin
g: convert (u,i) into a reverse frond (w,i) by repeated
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cross-link replacement ;
if two reverse fronds now enter i then delete one by
reverse frond deletion;
end;
if a frond (i, x) leaves i then delete it by frond deletion;
if two reverse fronds now enter x then delete one by reverse
frond deletion;
h: for v:=1 until ¥V, do apply Lemma 19 to calculate
SDOM(i — 1,v);
end;
end;

Consider this implementation of the semidominators calculation. For a
fixed value of i, Step f deletes any frond leaving i. Thus before Step f is executed
for any fixed j, all fronds entering j have been deleted. It follows that the trans-
formations in Step c¢ preserve semidominators, by Lemma 20. Thus Step c¢ as
implemented above works correctly. The total time required by Step ¢, not in-
cluding Steps g and h, is obviously O(V + E). The dominators algorithm thus
has a linear time bound not including Steps b, g and h. These steps require some
good data structures, which are presented in the next two sections.

5.. Calculating HIGHPT(v). In this section we implement Step b, the cal-
culation of HIGHPT values. A straightforward algorithm for calculating
HIGHPT values requires O(V?) time. With a good scheme for implementing
priority queues, such as Crane’s using binary trees [14] or Hopcroft’s using 3-2
trees [15], we may achieve an O(E log E) time bound. However, if we are a little
more clever, then we can use a good algorithm for computing disjoint set unions
and construct an almost-linear algorithm. First we sort the fronds (#, w) of G by
the NUMBER of w. Then we calculate HIGHPT’s by processing the fronds
(u, w) in order from largest w to smallest w. We will label each vertex exactly once
with a HIGHPT value. If (4, w) is the next frond to be processed, then each cur-
rently unlabeled vertex except w on the tree path from w to u has HIGHPT = w
and may be so labeled. Step b is:

b: comment calculate HIGHPT(v) for every vertex vin G, ;
begin
for i := 1 until V, do
begin
HIGHPT() := 0;
set BUCKET(i) equal to the empty list;
end;
1: for each frond (1, w) in G, do add (u, w) to BUCKET(w);
m: for w := V, step — 1 until 1 do
while BUCKET(w) is not empty do
begin
let (u, w)e BUCKET(W);
delete (u, w) from BUCKET(W);
n: for each vertex v # w on the tree path from w to u satisfying
HIGHPT(v) = 0 do HIGHPT(v) = w;
end;
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comment: after completion of Step m, all HIGHPT values will be
correctly defined ;
end ;

Consider this calculation. Step 1 is a radix sort which orders the fronds on
the NUMBER of their second vertex. For any vertex v, if there is a frond (u, w)
with w # v and w % v % u, then HIGHPT(v) # 0 when Step m is finished;
otherwise HIGHPT(v) = 0 when Step m is finished. If HIGHPT(v) # 0 when
Step m is finished, then HIGHPT(v) is equal to the highest numbered vertex
w # v such that there is a frond (u, w) with w * v % u. It follows that Step m cal-
culates HIGHPT values correctly.

For the algorithm to work efficiently, Step m must not reexamine vertices
whose HIGHPT values have already been calculated. To take care of this prob-
lem, we use a fast method for computing unions of disjoint sets [117, [12], [13].
We shall have sets numbered 1 to V,. If v # 1 is a vertex, then v will appear in the
set whose number is the highest numbered unlabeled proper ancestor of v. Since
vertex 1 never gets labeled, each vertex except 1 always appears in a set. Initially,
if (v, w) is a tree arc, then w appears in the set named v.

To process frond (u, w), we find the set u, containing u, the set u, containing
u,, and so on, until we reach a set u, such that u, = w. The vertices u;,u,, ---,
u,_,,and possibly u, are the unlabeled vertices on the tree path from w to u. We
label them with HIGHPT value w, and then we compute the union of sets u,,
Uy, +,U,_1,U, (and possibly u) and number the union u,. Step m becomes:

m: begin
for i := 1 until V; do SET(i) := the empty set;
for each tree arc (v, w) do SET(v) := SET(v) U {v}
for w := V| step — 1 until 1 do
while BUCKET(w) is not empty do
begin
let (u, w)e BUCKET(w);
delete (u, w) from BUCKET(w);
n: while — (u = w) do begin
x := FIND(u);
if HIGHPT(u) = O then
begin
SET(x) := SET(x) U SET(u);
HIGHPT(u) := w;
end;
U= x;
end;
end;
end;

All the set unions in Step m are unions of disjoint sets. The operation FIND(x)
computes the number of the set containing x as an element. Implementation and
timing of the union and find operations are discussed in Appendix B. It is not
hard to prove by induction on the number of vertices labeled that at all times
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during execution of Step m, vertex w appears in set v if and only if v is the highest
numbered unlabeled proper ancestor of w. It follows that Step m calculates
HIGHPT values correctly.

LEmMMA 21. Step b (calculating HIGHPT values) requires O(V log V + E) time.

Proof. Initialization requires O(V) time. Step 1 requires O(E) time. Step m
requires O(V + E) time for removing fronds from buckets. Step n requires O(V + E)
time exclusive of set unions and finds. There is one find for each frond plus at
most one find for each vertex, giving O(V + E) finds. There is one set union for
each labeled vertex and one set union for each tree arc when the sets are initialized,
giving in all O(V) set unions. Using the implementation for finds and unions dis-
cussed in Appendix B, the set operations require O(V log V + E) time. Combining
these facts gives the lemma.

The set unions and finds done in Step b actually require less time than the
bound in Lemma 21 indicates, but Step b is not the slowest part of the dominators
algorithm, and the bound in Lemma 21 is good enough.

6. Calculating semidominators. In this section, we implement Steps g and h,
the conversion of cross-links to reverse fronds and the calculation of semi-
dominators. A straightforward algorithm for these steps requires O(V?) time, but
we can do better by using good data structures. First, consider the conversion of
a cross-link to a reverse frond. Suppose we are processing vertex v, and we want
to convert cross-link (u, v) to a reverse frond. For any w > v, either SDOM(v, w)
% v or SDOM(v, w) = IDOM(w), by Lemma 16. We can apply Lemma 15 to
discover whether SDOM(v, w) = IDOM(w); if SDOM(v, w) is not a proper an-
cestor of v, we will know the value of IDOM(w).

The semidominator calculations build the dominator tree from the leaves
downward ; at any given time, the part of the dominator tree which we know will
consist of several vertices and all their descendants in the dominator tree. Let this
set of subtrees be F. We shall use sets numbered 1 through V; (called ISET’s) to
contain information about F. If v is a vertex, v will be in the ISET whose number
is the root of the subtree in F which contains v. If v is in no subtree in F, then v
will be in ISET(v). Initially each ISET(v) contains exactly one element, v itself.
To update the ISET’s, each time we calculate IDOM(v) for a new vertex, we let
ISET(IDOM(v)) = ISET(v) U ISETIDOM(v)). We can use the set union algo-
rithm in Appendix B to keep track of the sets.

To convert cross-link (u, v) to a reverse frond, we find the set x which contains
u. Then (u,v) may be converted to (x,v) by repeated cross-link replacement.
(None of the elements of the set x = ISET(u) can be an ancestor of v, since if
y v, then y < v and yeISET(y) when v is being processed.) Either (x,v) is a
reverse frond or SDOM(v, x) + v, and applying one more cross-link replacement
gives a reverse frond. This is the crux of our implementation of Step g; now we
must see how to keep track of semidominator values.

For fixed i, we do not want to calculate SDOM(i — 1, v) for all vertices v,
since for most vertices SDOM(i — 1, v) = SDOM(, v). We only want to calculate
semidominators which change when i changes. We use a set of priority queues to
keep track of the semidominators. A priority queue contains a set of items, each
with an attached numeric priority. We need to be able to add an item with any
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priority to a queue and to remove the item with highest priority from a queue. (If
two or more items have the same highest priority, we do not care which is re-
moved first.) We also need to be able to combine two priority queues to give a
large queue containing all items from both old queues.

Several good methods for implementing priority queues are known [14],
[15]. They all use some sort of tree representation, and have a time bound of
O(nlogn) to perform n operations of the three types discussed above, starting
with initially empty queues. We shall not discuss here how to implement priority
queues; let us assume that we have some good implementation on hand.

To implement the semidominator calculations using priority queues, we set
up a queue for each vertex v. Queue v will contain items, each of which is a set of
descendants of v. (These sets we call QSET’s.) All vertices w in a QSET will have
the same value of SDOM(v, w), and this value will be the priority of the QSET
in the queue. Only vertices whose IDOM values are not known are included in
QSET’s; thus if SDOM(v, w) is the priority of some QSET on the queue for v,
SDOM(v, w) * v.

To update the semidominators when processing vertex v, let (LOWPT(v), v)
be the reverse frond (if any) entering vertex v. All sons of v have already been
processed. First we construct a priority queue for v by combining the queues of
the sons of v. Each QSET in the new queue has a priority corresponding to some
ancestor of v. We remove each QSET having priority v (the highest possible
priority). Each vertex in a removed QSET has IDOM value equal to v, by Lemma
15. We label these vertices with IDOM values and update the ISET’s as described
above. If v has no reverse frond entering it, we add to the queue a new QSET {v}
with priority equal to the father of v. If v has a reverse frond entering it, we remove
each QSET with priority equal to or greater than LOWPT(v), we compute the
union of all these QSET’s, we add v as an element to this QSET, and we add the
new QSET to the queue with priority LOWPT(v). This implements Lemma 19
for updating the semidominator calculations.

We handle the QSET unions using the set union algorithm described in
Appendix B. Each vertex appears in at most one QSET which is on the priority
queue of some vertex. For convenience, we assign each QSET a name consisting of
its priority and some number distinguishing QSET’s with the same priority. We
now can finish the implementation of repeated cross-link replacement. Once a
cross-link (u, v) has been converted into an edge (x, v) with IDOM(x) undefined,
if (x, v) is not a reverse frond, then x must be in some QSET. Let y be the priority
of this QSET in its queue. Then (y, v) is a reverse frond and may be substituted
for (x, v).

Steps g and h are given below in ALGOL-like notation.

comment we need some initialization to set up the ISET’s; for i := 1 until V; do
ISET() := {i};
g: begin comment convert (u,i) into a reverse frond by repeated cross-link re-
placement ;
x := IFIND(u);
if x > i then replace (u, i) by (x, i);
else
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begin
(»,v) := QFIND(x);
replace (u, i) by (y, i);
end;

We shall assume for convenience in Step h that the priority queue operations
are implemented so that if we try to remove a set from an empty queue, we get
an empty set called QSET(0,0), and if we try to add QSET(0,0) to a queue,
nothing gets added to the queue.

h: begin comment calculate SDOM(i — 1,v) for all v such that SDOM( — 1, )
# SDOM(j, v). The semidominator of a vertex v is the priority of the
QSET containing it, if v > i and IDOM(v) is yet unknown;

QUEUE() := the empty queue;
for w a son of i do
QUEUE()) = QUEUE() U QUEUE(W);
remove QSET(z, j) with highest priority z from QUEUE();
while z = i do
begin
for each element e € QSET(z, j) do
begin
IDOM(e) : = i;
ISET(i) := ISET(e) U ISET(i);
end;
remove QSET(z,j) with highest priority z from QUEUE();
end;
add QSET(z, j) to QUEUE();
if LOWPT(i) > i then
begin comment (LOWPT(i),i) is the reverse frond (if any) entering
vertex i;
QSET (FATHER(i), i) := {i};
add QSET (FATHER(), i) to QUEUE();
end
else
begin
QSET (LOWPT(), i) = {i};
remove QSET(z, j) with highest priority z from QUEUE();
while LOWPT(i) < z do
begin
QSET(LOWPT(), i) := QSET(z,j) U QSET(LOWPT(), i);
remove QSET(z,j) with highest priority z from QUEUE();
end;
add QSET(z,)) to QUEUE();
add QSET(LOWPT(), i) to QUEUE();
end;
end;

Step h is a straightforward implementation using the preceding ideas, and
it is easy to prove the following hypothesis by induction on the number of times
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that Step h is executed : if v € ISET(x), x is the highest numbered ancestor of v in
the dominator tree such that IDOM(i) has not yet been calculated; if v is in
QSET(z, ) and QSET(z,,) is in QUEUE(), then SDOM(i, v) = z; if IDOM(v) # 0,
then IDOM(v) has the correct value. It follows that Steps g and h correctly cal-
culate dominators.

LEmMMA 22. If the dominators algorithm uses Steps g and h as implemented
above, then the total running time of Steps g and h is O(V1og V + E).

Proof. Ignoring set and queue operations, the total running time of Steps g
and his O(V + E). O(V) unions of ISET’s and O(E) finds on ISET’s will be carried
out in Steps g and h. O(V) unions of QSET’s and O(V) finds on QSET’s will be
carried out. The total cost of all the set operations is thus O(Vlog V + E) by the
timing result in Appendix B. O(V) unions of QUEUE’s, O(V) additions to
QUEUE’s, and O(V) deletions from QUEUE’s are carried out. By Crane’s results
[14], the priority queue operations may be carried out in O(V log V) time. Com-
bining these results gives the lemma.

7. The complete dominators algorithm. This section contains the entire
dominators algorithm in ALGOL-like notation. Several of the steps which have
been discussed separately are combined ; for instance, the initial depth-first search
can be used to sort the fronds by the value of their second vertex and to begin
the process of reverse frond deletion. The search can also be used to calculate the
father of each vertex in the generated tree; this information is needed to initialize
the semidominator calculations. The set and priority queue operations are not
implemented here, but are assumed to be primitive operations. (The time required
by these operations is included in the time bound for the entire algorithm, how-
ever.) Here is the dominators algorithm:
procedure DOMINATORS(G, s);

begin comment we assume that the graph G is represented as a set of adjacency
lists A(v);
procedure SEARCH(v);
begin comment this is the modified version of DFSEARCH used to
initially explore the graph. It numbers the vertices, classifies the
edges, deletes all but one reverse frond (LOWPT(v), v) entering each
vertex v, sorts the fronds using a radix sort, and computes the number
of descendants and the father of each vertex in the generated tree.
Vertices not reached during the search have no dominators. Variable
m denotes the last NUMBER assigned to any vertex. Variable n
denotes the last SNUMBER assigned to any vertex;
m := NUMBER(@) :=m + 1;
ND(v) := 1;
for we A(v) do
if NUMBER(w) = 0 then
begin
FATHER(w) := v;
SEARCH(w);
ND(v) := ND(v) + ND(w);
end
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else if SNUMBER(w) = 0 then
begin comment vertex w is stacked and (v, w) is a frond;
1: add (v, w) to BUCKET(w);
end
else if NUMBER(v) < NUMBER(w) then
begin (v, w) is a reverse frond;
d: if NUMBER(v) <LOWPT(w) then LOWPT(w) := NUM-
BER(v);
end
else add (v, w) to list of cross-links entering w;
n := SNUMBER(@®) :=n —1;
comment v is now unstacked ;
end;
integer m, n;
a: comment to classify the edges we initialize and call SEARCH ;
m:=0;
n:=V+1,
for each vertex v do
begin
NUMBER(v) := SNUMBER(@) := 0;
BUCKET(v) : = the empty list;
IDOM() := 0;
LOWPT(v) :=
end;
SEARCH(s);
Vi i=m;

v,

comment henceforth for convenience we assume that the program refers
to each vertex by its number;

modify all data structures so that vertices are named by their number;

B: comment calculate HIGHPT(v) for every reachable vertex v;

for i := 1 until V; do
begin
HIGHPT(@) := 0;
SET(i) : = the empty set;
end;
for i := 2 until V; do
SET(FATHERC()) := SET(FATHER()) U SET();
m: forw := V, step — | until 1 do
while BUCKET(w) is not empty do
begin
let (u, w)e BUCKET(w);
delete (u, w) from BUCKET(w);
n: while — (u = w) do begin
x := FIND(u);
if HIGHPT(u) = O then
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begin
SET(x) := SET(x) U SET(u);
HIGHPT(u) := w;
end;
u:=x;
end;
end;
c: comment calculate semidominators;
for i := 1 until V; do ISET(i) = {i};
for i := V; step — 1 until 1 do
f: begin
for each cross-link (u, i) do

g: begin comment convert (u,i) to a reverse frond by repeated

cross-link replacement ;

x := IFIND(u);

if (x *> i) then replace (v, i) by (x, i)

else begin
(x,v) := QFIND(x);
replace (u, i) by (x, i);

end;

comment if two reverse fronds now enter i then delete one;
if x » LOWPT(i) then LOWPT(i) := x;

end;

comment if a frond leaves i then delete it and add a reverse frond if
necessary;

if HIGHPT(v) < v and (LOWPT(v) < v) and
(LOWPT(LOWPT(v)) > HIGHPT(v)) then
LOWPT(LOWPT(v)) := HIGHPT(v);

h: comment calculate SDOM(i — 1, v) for all v such that SDOM(i — 1,
v) # SDOM(), v). The semidominator of a vertex v is the priority
of the QSET containing it, if v = i and IDOM(v) is not yet known

QUEUE() : = the empty queue;

for w a son of i do
QUEUE(i) := QUEUE(i)) U QUEUE(w);

remove QSET(z, j) with highest priority z from QUEUE();

while z = i do
begin

for each element v € QSET(z, ) do
begin
IDOM(@) :=i;
ISET(i) := ISET(i) U ISET(v);
end;
remove QSET(z, j) with highest priority z from QUEUE());
end;
add QSET(z, j) to QUEUE());
if LOWPT(i) > i then
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begin
QSET(FATHER(), i) := {i};
add QSET(FATHER(i), i) to QUEUE();
end
else
begin
QSET(LOWPT(), i) := {i};
remove QSET(z, j) with highest priority z from QUEUE();
while LOWPT(i) = z do
begin
QSET(LOWPT(), i) := QSET(LOWPT(), i) QSET(z, j);
remove QSET(z, j) with highest priority z from QUEUE();
end;
add QSET(z,j) to QUEUE();
add QSET(LOWPT(i), i) to QUEUEC();
end;
end ;
end;

This gives a complete algorithm for calculating dominators. Figure 5 shows the
graph which results when all the dominator-preserving transformations are
applied to the graph in Fig. 4. It is easy to verify that the algorithm has an O(V + E)
space bound. Combining the timing results in §§ 2, 4, 5 and 6, we see that the
dominators algorithm has an O(Vlog V + E) time bound if the set and priority
queue operations are implemented efficiently. The slowest parts of the algorithm
are those which require priority queues; the set union operations run faster than
the queue operations. If we could somehow handle the semidominator cal-
culations using set unions (as we handled the HIGHPT calculations), then we
could construct an even faster algorithm. The next section outlines how this
may be done for a special case.

8. Toward a faster algorithm. The slow part of the dominators algorithm is
the use of priority queues. If we could somehow use sets in place of priority
queues (as we could for the HIGHPT calculations), then we could construct a
faster dominators algorithm. This section outlines the construction of such an
algorithm for the case when G has no cross-links.

Suppose G is a graph which has no cross-links when explored from vertex s
using depth-first search. To find dominators in G, we classify the edges and
number the vertices of G as before. Then we calculate HIGHPT values using the
method described in § 4. Next, we apply reverse frond deletion and frond deletion
repeatedly, until we have converted G into a graph with no fronds, no cross-
links, and at most one reverse frond entering each vertex. Now we don’t have to
bother with calculating semidominators; we can calculate the dominators
directly.

To calculate the dominators, we sort the remaining reverse fronds (u, v) of
G so that if (u,, v,) follows (1, , v,), then u, > u, or u, = u, and v, < v. This may
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(12,11)

(1,0)
F1G. 5. The graph in Fig. 4 after all dominator-preserving transformations have been applied. The
resultant graph contains only tree arcs and reverse fronds. Vertex numbers and immediate dominators
are in parentheses.

be done using a two-pass radix sort with V' buckets, similar to the sorting for the
calculation of HIGHPT values. We then process the reverse fronds in sorted
order, using the following lemma.

LEMMA 23. Let G be a graph such that each vertex is reachable from s, each
vertex has at most one reverse frond entering it, and G contains no cross-links or
fronds. Suppose v # 1. If v has no reverse frond entering it, IDOM(v) is the father
of vin the spanning tree of G. If v has a reverse frond (u, v) entering it and no reverse
frond (x,w) satisfies x> u5>w>»0v and x <u <w <v, then IDOM(v) = u.
Otherwise let (x,w) be the reverse frond with smallest x (largest w) satisfying
xHuHwHvand x <u <w < v Then IDOM(v) = IDOM(w).

Proof. If v has no reverse frond entering it, every path to v must pass through
the father of v, and IDOM(v) is the father of v. Suppose (u, v) enters v but no re-
verse frond (x, w) satisfies x > u * w * v and x < u < w < v. Suppose path p
leads from s to v but doesn’t contain u. Let (x, w) be the first edge on p with w > wu.
(x, w) must be a reverse frond with x > u * w * p and x < u < w < v. But this
is a contradiction, so u dominates v. Since (u, v) is an edge, IDOM(v) = u.

If some reverse frond (x, w) satisfies x »>u > w > vand x <u <w <, let
(x, w) be one with smallest x (largest w). It is clear that any vertex which does not
dominate w cannot dominate v. Thus every vertex which dominates v must also
dominate w. Now we need only show that IDOM(w) dominates v.

Suppose, to the contrary, that p is a path from s to v which doesn’t contain
IDOM(w). Let (i,j) be the first edge on this path satisfying j > x(j = u). Then
IDOM(w) cannot dominate w because j < u, x = j* u(j < w,u 5 j 5 w), and
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we may form a path from s to w which doesn’t contain IDOM(w). This con-
tradiction gives the rest of the lemma.

To calculate dominators, we start with one set numbered 0 containing all
the vertices. Then we process the reverse fronds in the order described above. At
any given time, a vertex v will be in a set labeled x if x is the largest vertex such
that x £ v and a reverse frond (u, x) has been processed. To process a reverse
frond (u, v), we locate u and v in sets. If they are in the same set, IDOM(v) = u
by Lemma 23. If they are in different sets, IDOM(v) = IDOM(FIND(v)) by
Lemma 23. It happens that in this case IDOM(FIND(v)) will already have been
computed, but even if this were not true we could fill in the value of IDOM(v)
later, once we knew the value of IDOM(FIND(v)). In any case, we split the set
containing v into two parts; a set containing descendants of v, having label v,
and a set containing nondescendants of v, having the same label as the old set
containing v. This algorithm computes dominators, if we can implement the
set-splitting operation.

Actually, we don’t have to split sets; we can run this algorithm backwards,
and turn the splits into union operations. Then we can use the algorithm de-
scribed in Appendix B. The correct labels for all the resultant sets and the IDOM
values must be filled in after the set union operations are carried out, but this is
no great problem. The resultant dominators algorithm has a time bound of
O(V + E)notcounting set unions and finds. There are O(V) unions in the HIGHPT
and dominator calculations and O(V + E) finds. If E > Vlog V, we get the same
overall bound as the algorithm in § 7: O(E). If E is substantially smaller than
Vlog V, we get a better bound than that for the algorithm in § 7, namely, O(V + E)
-log* (V + E)), where log* x = min {illogi(x) < 1} (see [12], [13].) It seems
possible that this faster algorithm may be generalized to handle arbitrary graphs.

9. Conclusions. This paper has presented an algorithm for finding domi-
nators in directed graphs. The algorithm illustrates the use of depth-first search
for revealing the connectivity structure of a graph and the use of sophisticated
data structures in building efficient graph algorithms. The algorithm requires
O(V + E) space and O(Vlog V + E) time to find dominators in a graph with V
vertices and E edges. The time bound compares favorably with the O(V(V + E))
time bound of previously known algorithms such as Aho and Ullman’s [1] and
Purdom and Moore’s [3] for finding dominators in arbitrary graphs, and with
the O(E log E) time bound of Aho, Hopcroft and Ullman’s algorithm for finding
dominators in reducible graphs [6]. If E > Vlog V, then the time bound is O(E),
and the new algorithm is optimal to within a constant factor, since every edge
must be examined to determine dominators. Although the algorithm is based on
some delicate graphical transformations, it is easy to program.

Still open is the question of whether a faster algorithm exists if E < Vlog V.
Section 8 gives a faster algorithm for graphs which have no cross-links when
they are explored using depth-first search. Many, but not all program flow graphs
have this special form; in particular, the if - - - then - - - else construction produces
a cross-link in the resultant flow graph. By adding vertices, any program flow
graph may be converted into a computationally equivalent program flow graph
which has no cross-links. However, the number of vertices in the graph may
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grow enormously. The slower but more general algorithm thus seems more useful
than the faster algorithm. However, it may be that the algorithm in § 8 can be
extended to reducible graphs or even to arbitrary graphs.

Appendix A. Basic definitions. A directed graph G = (¥, &) is an ordered
pair consisting of a set of vertices ¥~ and a set of edges &. Each edge is an ordered
pair (v, w) of distinct vertices. We say edge (v, w) leaves v and enters w. A graph
contains no loops (edges of the form (v, v)) and no multiple edges, although the
algorithms presented in this paper may be easily modified to handle graphs with
loops and multiple edges. A graph G, = (¥7,&,) is a subgraph of a graph
G,=(1,,6)if ¥, € ¥, and &, < &,.

If G is a graph, a path p:v 2> w is a sequence of vertices and edges leading
from vertex v to vertex w. A vertex w is reachable from vertex v if there is a path
from v to w. A path is simple if all its edges are distinct. A path p:v = v is called a
closed path. A closed path may contain no edges. A closed path p:v=>v is a
cycle if all its edges are distinct and the only vertex to occur twice is v, which
occurs exactly twice. A cycle contains at least two edges. Two cycles which are
cyclic permutations of each other are considered to be the same cycle. A directed
graph is acyclic if it contains no cycles.

A (directed, rooted) tree T is a graph with one distinguished vertex called the
root r such that every vertex in T is reachable from r, no edges enter r, and exactly
one edge enters every other vertex in T. A tree vertex with no exiting edges is
called a leaf. The relation “(v, w) is an edge in T is denoted by v — w. The re-
lation “there is a path from v to w in T is denoted by v % w. If v — w, v is the
father of w and w is a son of v. If v * w, v is an ancestor of w and w is a descendant
of v. Every vertex is an ancestor and a descendant of itself. If v * w and v # w,
v is a proper ancestor of w and w is a proper descendant of v. If T, is a tree and is
a subgraph of tree T, then T, is a subtree of T,. If Tis a tree which is a subgraph
of a directed graph G and T contains all the vertices of G, then T is a spanning
tree of G. References on directed graphs include Busacker and Saaty [18], Harary,
Norman and Cartwright [19], and Ore [20].

If f and g are functions of x, we say g(x) is O(f(x)) if there are constants k;
and k, such that |g(x)| < k| f(x) + k, for all x.

Appendix B. A good set union algorithm. Suppose we are given a collection of
disjoint sets. We want to carry out operations of two types on the sets: FIND(x),
which computes the name of the set containing x as an element, and UNION(A4,
B, C), which computes the union of sets 4 and B and names the new set C. Initially
we have n distinct elements, each in a singleton set. We then carry out n — 1
unions and m intermixed finds. We desire a good method for implementing these
operations.

A very simple algorithm will solve the problem. Each set is represented as a
tree. Each tree vertex represents an element in the set, and the root of the tree
represents the entire set as well as some element in the set. Each tree vertex is
represented in a computer by a cell containing either two or three items. A cell
representing a nonroot vertex contains the element corresponding to the vertex
and a pointer to the cell for the father of the vertex in the tree. A cell corresponding
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to a root contains the element corresponding to the root, the name of the set
corresponding to the tree with that root and the number of vertices in the set.

To carry out FIND(x), we locate the cell containing element x and follow
pointers to the cell for the root of the corresponding tree. This cell contains the
name of the set. In addition we collapse the tree by changing the father of each
vertex reached on the way to the root. The root itself becomes the father of each
of these vertices. This collapsing process saves time in later finds. To carry out
UNION(A, B, C), we choose the set with fewer elements, say 4. Then we make
the root of 4 a son of the root of B. The cell corresponding to the root of A4 be-
comes a nonroot cell pointing to the cell for the root of B. The root cell of B is
changed to contain the name C and the sum of the number of elements in 4 and B.

Although this set union algorithm is very simple, it is very hard to analyze
[11],[12], [13]. Hopcroft and Ullman [12] have studied the algorithm and shown
that its running time is O((n + m) log* (n + m)), where log* x = min {illog'x < 1}.
Tarjan [13] has derived the same upper bound on the running time using a different
method and has also shown that the algorithm does not have a linear upper bound
on its running time. The exact running time of the algorithm is still unknown.
However, for our purposes, a loose upper bound is all that we need. The bound
below is generally known but apparently unpublished.

It is useful to think about the set union algorithm in the following way:
suppose we perform all n — 1 unions first. Then we have a single tree with n
vertices. Each of the original finds is now a “partial” find in the new tree: to
carry out FIND(x), we follow fathers from x to the closest ancestor of x cor-
responding to a union which appears before FIND(x) in the original sequence
of operations. In this interpretation of the problem, we are interested in bounding
the total length of m partial finds performed on a tree generated by n — 1 set
unions. (The total time required for the set unions is O(n); the time for a find is
proportional to its length.)

Let T be a tree containing n vertices numbered 1 through n which has been
constructed using n — 1 set unions. Let d; be the number of descendants of vertex i.
Let C(T), the cost of tree T, be defined by

Let C(n) be the maximum cost of a tree with n vertices constructed by applying
set unions. Then we have the following.

LemMma 28. C(n) < nlog2n.

Proof. We prove the lemma by induction on n. C(1) = 1 = 1-log2. Sup-
pose the lemma is true for n < k. Let n = k. Let T be a tree such that C(T) = C(n)
and T is formed by taking the union of trees T; with « vertices and T, with b
vertices,a < b, a + b = n. Then:

Cn)=C(T)=C(T))+ C(T,) +n — b
alog2a + blog2b + a

I

lIA

IIA

a(log2n — 1) + b(log?2n) + a

I\

nlog 2n.
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The lemma follows by induction on n.

Now suppose we apply a partial find of length k to a tree T. Assume without
loss of generality that the find starts at vertex 1 and causes vertices 1,2, ---, k — 1
to become sons of vertex k. Let T’ be the tree after this find is performed, and
let d; be the number of descendants of vertex i in T". Then d|, = d,,d; = d; — d,_,
for 2<i<k-—1, and d, =d,. Since d;=>d,_, + 1 =i =1, it follows that
C(T") £ C(T) — k — 2, and we have the following result.

Lemma 29. If m partial finds are performed on a tree with n vertices formed
with n — 1 unions, the total length of all the finds is O(nlogn + m).

Proof. Let k;,i = 1, ---, m, be the length of the ith find. Since every tree has
positive cost and any find of length k decreases the cost of the corresponding
tree by at least k — 2, we have

m

nlog2n — Y (k; —2) > 0.

i=1

It follows that

M=

k; < 2m + nlog2n.

It

i=1
Lemma 29 implies that n — 1 unions and m finds require O(nlogn + m)
time.
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FIRST ORDER GRAPH GRAMMARS*

CURTIS R. COOKf¥

Abstract. In this paper we consider first order context-free, linear, and regular graph grammars
and obtain many results similar to those for the corresponding string grammars. We obtain normal
forms for context-free and regular graph grammars, simplification lemmas, and algorithms for mem-
bership, emptiness, finiteness and infiniteness. We show the relation between regular graph languages
and regular sets and show that the set of graphs resembling the nonregular set {a"h"ln = 1} is not
generated by a first order context-free graph grammar. We also give several graphical character-
izations of each of the three types of graph grammars.

Key words. graphs, graph grammars, block, cutpoint, cutpoint graphs

Introduction. Graph grammars have been the subject of much recent research
because of their syntactic pattern recognition and picture processing applications.
The main difference between graph and string grammars is that a symbol may
appear in a string with a symbol to its left or right, while a symbol in a graph
may be joined to an arbitrary number of other symbols. Some of the different
models of graph grammars are web grammars [1], [5], [7], plex grammars [2],
graph grammars [8], and mth order context-free graph grammars [6].

The main differences between the various models are: (i) the mth order con-
text-free graph grammar rewriting rules do not include a specification of the
embedding of the rewritten graph in the host graph; (ii) variables in the mth
order context-free and plex grammars are allowed to be graph structures; in the
other models variables are either points or lines; (iii) web grammar terminals are
points; in the other models terminals are points, lines, and higher order graph
structures.

In this paper we investigate first order context-free, linear, and regular
graph grammars. The variables and terminals in our model are points, and the
productions do not include an embedding specification. Our model is a special
case of the first order case of mth order context-free graph grammars and turns
out to be identical to the normal context-free web grammars as defined in [1].
It is interesting to note that in all of the other graph grammar models there is no
counterpart to regular string grammars.

We give several graphical characterizations of each of the three types of
grammars. We obtain many results similar to those for string grammars : normal
forms for context-free and regular graph grammars, simplification lemmas, and
algorithms for membership, emptiness, finiteness and infiniteness. The proofs are
almost identical to the string grammar proofs. We show the relation between
regular graph languages and regular sets. We also show that a set of graphs
resembling the nonregular set {a"h"|n > 1} is not generated by a first order
context-free graph grammar.

1. Definitions and examples. It is assumed that the reader is familiar with the
standard notation and results of formal language and automata theory [4].

* Received by the editors May 21, 1973.
t Computer Science Department, Oregon State University, Corvallis, Oregon 97331.
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In this paper all graphs are unordered, connected, and do not contain
multiple lines or loops.

DEFINITION. A first order context free graph grammar (1-CFGG) G = (N, T,
P, S), where

N is a finite set of variables (point variables),

T is a finite set of terminals (T is a single element for unlabeled graphs),

Sisin N, and

P is a finite set of productions or rewriting rules of the form L. o, where A

is in N, a is a graph whose points are labeled from N U T, exactly one point

in o is the image of A4, and o is connected to the rest of the graph through the

image of 4.

Let =, %, and L(G) be defined in the usual way. Thus L(G) is a set of undirected
graphs whose points are labeled with symbols from T.

Pavlidis [6] defined the mth order context-free and linear graph grammars
and gave several topological characterizations of second order context-free and
linear graph grammars. His variables are mth order structures, subgraphs which
are connected to the rest of the graph by m points. The variables in our grammars
are the special case of his first order or node structures where the node structure
is just a point. His terminals are lines and points, while ours are simply points.

Our definition turns out to be identical to the normal context-free web
grammars as defined in [1]. In the embedding specification in [1], points adjacent
to the rewritten point are adjacent to the image of the point. A web grammar is
normal if, in each production, the point rewritten has exactly one image in the
right side. The main results in [1] concerned the hierarchy of classes of webs
generated by normal and nonnormal grammars.

DEFINITION. A first order linear graph grammar (1-LGG) is a 1-CFGG in
which the right side of each production contains at most one variable.

Before we define first order regular graph grammars, we need several graph
theory definitions [3]. The trivial graph is the graph consisting of a single point.
A cutpoint of a graph is a point whose removal (includes removing lines incident
with point) disconnects the graph. A graph is separable if it contains a cutpoint.
A nonseparable graph is nontrivial and contains no cutpoint. A block of a graph
is a maximal nonseparable subgraph.

DEFINITION. A first order regular graph grammar (1-RGG) is a 1-LGG in
which the right side of each production is either a terminal point or a block
containing at most one variable.

Let 1-CFGL, 1-LGL and 1-RGL denote the set of graphs generated by
1-CFGG, 1-LGG and 1-RGG, respectively.

The following examples illustrate the definitions. The underlined symbol on
the right side of a production is the image of the variable on the left. Upper case
letters denote variables and lower case denote terminals.

Example 1. 1-CFGG which generates all trees.

4 A 4
e - oe—m—mo
A a
e — @
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Example 2. b b b
1-RGG which generates o > « < s
p b b b
§ - 0l>s
b
S a
e — o

2. First order context-free graph grammars. In this section we derive many
results similar to those for context-free string grammars. We describe several
simplifications and obtain a normal form very similar to the Chomsky normal
form. We show that there exist algorithms for determining whether the language
generated by a 1-CFGG is empty, finite, or infinite. We give several graphical
characterizations of 1-CFGL’s. Finally, we show that a set of graphs resembling
the nonregular set {a"b"|n > 1} is not generated by a 1-CFGG.

First we give several simplification lemmas whose proofs are identical to the
string grammar proofs [4]. Two 1-CFGG’s are equivalent if they generate the
same set of graphs.

LEMMA 1. Given a 1-CFGG G, we can find an equivalent 1-CFGG G’ in which
the start symbol of G' does not appear ontheright side of a production.

LEMMA 2. Given a 1-CFGG G, we can find an equivalent 1-CFGG with no
productions of the form ¢ — & where A and B are both variables.

A variable in G is useless if it never appears in the derivation of some graph
in L(G).

LeMMA 3. Given a 1-CFGG G, we can find an equivalent 1-CFGG G’ with no
useless variables.

We include the proof of the next lemma because it yields as a corollary an
algorithm for determining whether the language is empty.

LemMA 4. Given a 1-CFGG G, we can find an equivalent 1-CFGG G’ such
that each variable in G' generates a terminal graph.

Proof. Let G = (N, T, P, S). Let W, = {4€ N|? - a in P and « is a terminal
graph},and for j > 1,let W, = W, U {de N|? - o in P and a is a graph whose
points are labeled from T U W;}.

Construct the grammar G' = (N, T, P', S), where N' = W, IN| = k and P’
consists of those productions ¢ — « in P for which 4 € N’ and the points of o are
labeled from T U N'. Then G’ contains no useless variables, and clearly L(G)
= L(G").

It follows immediately from the construction of the W’s that L(G) is empty
ifand only if S¢ N'.

LEMMA 5. There is an algorithm for determining if the language generated by
a 1-CFGG is empty.

From now on, we assume that all 1-CFGG’s are simplified, ie., satisfy
Lemmas 1-4. The graph theory concept of a block plays an important role in
the normal form for 1-CFGG's.
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THEOREM 1. Every 1-CFGL L can be generated by a grammar in which all
productions are of the form & — o, where o is either a terminal point or a block.

Proof. Let G = (N, T, P, S) be a 1-CFGG such that L(G) = L. If a production
has a single point or a block on the right side, then it is already in an acceptable
form.

Now consider a production A — a, where « is a separable graph with cut-
points vy, - -+, v; and blocks By, - -+, B,. For each cutpoint v}, let C; denote the
set of all blocks containing v;. Define the set D = {D,,|D,,, is a nonempty subset
of C, for some n}. Replace 4 — o with the set of productions:

1. A — p, where B denotes the block B, with each cutpoint v, of B, re-
placed by the variable C, — {B,} € D.

2. For every D,,,€ D and B, €D,,, D,, — t,, where 7, denotes the block
B, with each cutpoint v,, g # n, replaced by the variable C, — {Bp‘», and the
image of D,,, is the variable D, — {B,} if D,,, — {B,} # J and is v, otherwise.

The variable D, indicates which of the blocks containing cutpoint v, have
not been generated. This construction guarantees that all of the blocks of o will
be generated. The first production A — f initiates the generation with all cut-
points of B, replaced by variables indicating block B, has been generated. From
then on, only productions of type 2 are applied with the cutpoints replaced by
variables which indicate the blocks containing that cutpoint which have yet to
be generated. A cutpoint variable rewrites as a v; only after all blocks containing
it have been generated.

Let N' and P’ denote the new set of variables and productions, respectively.
Then G' = (N', T, P, S) is of the proper form. It should be clear from the con-
struction that L(G) = L(G).

From Theorem 1, we obtain a graph grammar version of the Chomsky
normal form. For each ¢ — &, where o is a block, replace each terminal in o by
a new variable which appears on the right side of no other production. Then
create a new production in which the new variable rewrites as the terminal it
replaced.

THEOREM 2 (Normal form). Any 1-CFGL can be generated by a 1-CFGG in
which all productions are of the form % — o, where a is either a terminal point or a
block in which every point is a variable.

Two graphical characterizations follow immediately from the normal form
theorem (k is the maximum number of points in the right side of a production).

THEOREM 3. Let L be a 1-CFGL. Then there exists a number k such that no
graph in L contains a block with more than k points.

Even though Theorem 3 only gives a necessary condition for the character-
ization of 1-CFGL’s, it does provide a simple test for assuring that a set of graphs
is not generated by a 1-CFGG.

COROLLARY 3.1. The following graphs cannot be generated by a 1-CFGG :

(a) all nonseparable graphs

(b) all complete graphs (a complete graph has every pair of its points adjacent);

(c) all bigraphs (a bigraph is a graph whose point set can be partitioned into
two sets such that every line joins a point in one set with a point in the other set);

(d) all cycles C,, for n = 3.

Pavlidis [6] characterized 2-CFGL by a k-reduction process which is the
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graph counterpart of string grammar parsing. For 1-CFGL’s define the k-
reduction process as follows.

Step 1. Replace by a single point any subgraphs with no more than k points
which are connected to the rest of the graph by exactly one point.

Step 2. Repeat Step 1 until it is no longer applicable. If the reduced graph
has exactly one point, then the original graph is k-reducible; otherwise it is k-
irreducible.

THEOREM 4. If L is a 1-CFGL, then there exists a number k such that every
member of L is k-reducible.

There are derivation trees for 1-CFGG’s. If 4 — o is a production and «

contains the points p,, ---, p,, then the corresponding nodes in the derivation
tree are
A
Pi P2 " Pa

Note that the points are unordered, so there is no unique derivation tree for a
derivation in a 1-CFGG. The derivation trees are used to show that there exist
algorithms which determine, for any graph H, whether H is generated by the
1-CFGG G and which determine whether a 1-CFGL is finite or infinite. The
proofs are almost identical to the corresponding string grammar proofs [4].

THEOREM 5. Let G be a 1-CFGG. Given a terminal graph H, there is an algo-
rithm for determining whether H is in L(G).

Proof.Let G = (N, T, P, S) be a normal form 1-CFGG and let H be a terminal
graph with n points. Since G is in normal form, the right side of each production
is either a block or a single terminal point. Then at most n productions whose
right sides are single terminal points and at most n — 1 productions whose right
sides are blocks can be applied in the derivation. Hence the length of the derivation
of H is less than 2n.

Thus the algorithm consists of generating all derivations in G of length less
than 2n and comparing each graph with H.

THEOREM 6. Let G be a normal form 1-CFGG with k variables and with at
most n points on the right side of a production. Then L(G) is infinite if it contains
a graph with more than n*~ 1 points.

Proof. Let p = n*~ 1. It is easy to see that if a derivation tree has no path of
length greater than j, then the terminal graph derived contains no more than
n/~! points.

Hence if H is in L(G) and H contains more than p points, then the derivation
tree for H must contain a path of length greater than k. Choosing a path P of
longest length, we observe that there must be two nodes n, and n, satisfying the
following conditions:

1. Nodes n, and n, have the same label, say A.

2. Node n, is closer to the root than node n,.

3. The portion of the path P from n, to the leaf is of length at most k + 1.
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Let o be the subgraph of H generated from node n, and § be the subgraph
generated from node n,. Then f must be a proper subgraph of « because G is in
normal form. If we replace node n, with a copy of the subtree rooted at n,, we
obtain the derivation tree of a terminal graph H' in L(G), and H' properly contains
H. Repeating this process, we can obtain an infinite number of terminal graphs,
each of which is in L(G).

THEOREM 7. There is an algorithm for determining whether a given 1-CFGG
generates a finite or infinite number of graphs.

Proof. Let G, n, k and p be defined as in Theorem 6. Let g = n**!. Suppose
that L(G) is infinite. Then there is a graph H in L(G) with more than p + ¢ points,
and the derivation tree for H must contain a path of length greater than k. Choosing
a path P of longest length, we observe that there must be two nodes n, and n,
satisfying the following conditions:

1. Nodes n, and n, have the same label, say 4.

2. Node n, is closer to the root than node n,.

3. The portion of the path P from n, to the leaf is of length at most k + 1.

4. The subtree rooted at n, contains at most g terminal nodes (leaves).

The subtree rooted at n, is a proper subtree of the subtree rooted at n,.
Replacing the subtree rooted at n; with the subtree rooted at n,, we obtain a
smaller derivation tree for a graph H' in L(G). Clearly H' contains more than p
points, and if H' contains more than p + g points, we repeat the above reduction
process until we obtain a graph H” in L(G) with m points, p < m < p + q. Thus
L is infinite if and only if it contains a graph with m points, p < m < p + q.

The algorithm consists of testing all graphs with between p and p + g points
for membership in L(G). If there is such a graph, then L(G) is infinite ; otherwise,
there is no graph with more than p points in L(G), and L(G) is finite.

The last theorem in this section shows that a set of graphs resembling the
nonregular set {a"h"|ln = 1} is not generated by a 1-CFGG.

THEOREM 8. The set of graphs

a a a
a a: ‘: a a M
in a, s - & o d,

is not a 1-CFGL.

Proof. Suppose L is generated by the normal form 1-CFGG G = (N, T, P, S).

Let |[N] = k. Consider the derivation tree for the graph H in L with 2k + 1
lines and triangles. We will show that if H is generated by G, then so are several
graphs not in L.

The first step in the derivation of H is either

Suppose S rewrites as a triangle. Then one of the variables, say C, must
rewrite as the terminal a. Let n, and ny denote the nodes labeled 4 and B, respec-
tively, in the derivation tree. Then either n, or n, must be the root of a derivation
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tree with a path P of length greater than k. Since each cutpoint of H lies in exactly
two blocks, the subgraph derived from the subtree rooted n ,(ng) must be of the

NN

If the subgraph consisted entirely of lines or triangles, two nodes on P have the
same label, and if we replaced the node closer to n,(ng) with the other node we
have the derivation tree of a graph with too few triangles or lines to be in L.

A subgraph of this form must be derived from the subtree rooted at either
n, or ng and not both. If the subtree is rooted at n,, then the subgraph contains
the 2k + 1 lines of H. But this leads to a contradiction, as two nodes in the sub-
tree have the same label, and by the same argument as above we can obtain the
derivation tree of a graph not in L. Similarly a contradiction is reached if the
subtree is rooted at ny.

The same argument holds if **S rewrites as a line” is the first step in the
derivation of H.

Therefore L is not a 1-CFGL.

3. First order linear graph grammars. The first lemma will be used in § 4 to
show that the 1-LGL’s properly contain the 1-RGL’s.

LEMMA 6. Every finite set of graphs is a 1-LGL.

Next we give a first order version of a topological characterization which
appeared in [6].

THEOREM 9. If L is a 1-LGL, then there is a number k such that any cutpoint
of a graph in L separates the graph into components such that no more than two of
them have more than k points.

Proof. Let k be the maximum of points in the right side of a production. The
result follows from the following observation about the cutpoints of a graph in
L. There are two types of cutpoints in a terminal graph in L. The first type is a
terminal cutpoint in the right side of a production. This type of cutpoint separates
the graph into several components, only one of which contains more than k
points. The second type is a point which was a variable at some time in the deri-
vation. In this case, since the right side of each production contains at most one
variable, only one component with more than k points can be generated from
the point. Hence, including the portion of the graph generated prior to the appear-
ance of this point, this point separates the graph into at most two components
with more than k points.

COROLLARY 9.1. The set of all trees (Example 1) is a 1-CFGL, but is not a
1-LGL.

4. First order regular graph grammars. In this section we describe a normal
form for 1-RGG’s, give a simple graphical characterization of 1-RGL’s, and
show the relation between 1-RGL’s, cutpoint graphs, and regular sets.

THeOREM 10 (Normal form). Every 1-RGL can be generated by a 1-RGG in
which the right side of each production is a block, except the start symbol may re-
write as a terminal point.

Proof. Let L be generated by a 1-RGG G = (N, T, P, S) satisfying Lemmas
1-4. Let G’ = (N, T, P, S), where P’ is constructed from P as follows:
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1. For each pair of productions ¢ -« and ¢ — ¢, where o is a block con-
taining the variable B, Be N — {S} and be T, create a new production * — §,
where f is the block o with the variable B replaced by b.

2. Remove all productions of the form ¢ — ¢, 4 # §, from P. It should be
clear that G’ satisfies the conditions of the theorem and that L(G) = L(G').

The cutpoint graph plays a central role in the study of 1-RGL’s. The points
of the cutpoint graph ¢(H) of a graph H are the cutpoints of H. Two points of
¢(H) are adjacent whenever the corresponding cutpoints in H lie in the same block.

THEOREM 11. If L is a 1-RGL, then the cutpoint graph of each graph in L is
a path.

Proof. Let G = (N, T, P, S) be a normal form 1-RGG generating L. Observe
that except for the start symbol, each variable which appears in a derivation of a
graph in L is a cutpoint of the graph. Hence at each step after the first in a deri-
vation, either a new cutpoint is generated or another block containing the last
created cutpoint is generated. Thus the cutpoint graph is a path.

CoroLLARY 11.1. If L is a 1-RGL, then each block of H in L contains at most
two cutpoints of H.

Recall that every finite set of graphs is a 1-LGL (Lemma 6).

COROLLARY 11.2. The set of graphs

{ jr——-—. [ o \ - -
—ae *— —e , ® Av}
is a 1-LGL, but is not a 1-RGL.
COROLLARY 11.3. Let L be a 1-RGL. If H is in L, then for any three blocks of
H with a common cutpoint, at most two of them have another cutpoint of H.
Proof. Suppose blocks B,, B, and B; contain the cutpoint v of H and B;

also contains the cutpoints u;, i = 1,2, 3. Then in the cutpoint graph of H, these
four points would give rise to the graph

u, u,

Uy
contradicting Theorem 11.

Note that the cutpoint graphs of the non-1-CFGL L in Theorem 8 are paths.
Hence Theorem 11 only gives a necessary condition for a set of graphs to be a
1-RGL.

The next theorem shows that the set of the cutpoint graphs of a 1-RGL is a
1-RGL.

THEOREM 12. Let L be a 1-RGL. Then there is a 1-RGL which generates the
cutpoint graphs of L.

Proof. Let L be generated by a normal form 1-RGG G = (N, T, P, S). We
will construct a 1-RGG G’ = (N, T, P, S) from G where the productions of P’
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are:
1. $54if¥ 5 xisin P, and A is the variable in a.
2. ’-‘—»gif”-‘—»ozisinP,A;éS,andBistheimageofA.
3 4—»“—?if’-'—>ozisinP,A¢S,aistheimageofA,andBisthevari-
able in a

4. 45 8if ¢ S5 aisin P, A # S, « is a terminal block, and a is the image of A.

The set of productions of G’ generate the labels of the cutpoints of a graph
in L(G) and joins two points with a line if the two corresponding cutpoints of the
graph in L(G) lie in the same block.

There is a natural relation between strings and graphs. The string a,a, - - - q
corresponds to the path

n

a, a, a

generated by the 1-RGG where a, is the first point generated. The condition that
a, be the first point generated enables us to associate exactly one string with the
undirected graph.

THEOREM 13. Let L be a 1-RGL. Then the set of strings corresponding to the
cutpoint graphs of the graphs in L is a regular set.

Proof. The proof follows immediately from the correspondence between the
productions of the 1-RGG constructed in the proof of Theorem 12 and the
regular string grammar productions. That is, the regular productions 4 — aB,
A — B, A— a correspond to the 1-RGG productions 4 —» ¢—= ¢ - ¢ and
% > ¢, respectively.

The converse of this theorem does not hold, as the set of strings correspond-
ing to the cutpoint graphs of L in Theorem 8 is a regular set.

Theorem 14 follows from the observation that the cutpoint graph of a path
is the same path with the two endpoints removed.

THEOREM 14. Let R be a regular set. Then there is a 1-RGG G such that R is
the set of strings corresponding to the cutpoint graphs of L(G).

Conclusions. We have defined three classes of first order graph grammars
and have obtained results analogous to those for their string grammar counter-
parts. The same sort of results should hold for higher order graph grammars.

Our investigations of first order context-sensitive graph grammars have led
us to conclude that, like context-sensitive web grammars, their rewriting rules
must include some type of embedding specification. This appears to be the reason
Pavlidis allowed his variables to be graph structures and not simply points and
lines.

Finally, we mention that the results of the preceding sections can readily be
extended to directed graphs.

REFERENCES

(1] N. ABg, M. M1zuMoT0, J. ToyoDa AND K. TANAKA, Web grammars and several graphs, J. Comput.
System Sci., 7 (1973), pp. 37-65. .

[2] J. FEDER, Plex languages, Information Sci., 3 (1971), 225-241.

[3] F. HARARY, Graph Theory, Addison-Wesley, Reading, Mass., 1969.

[4] J. HOPCROFT AND J. ULLMAN, Formal Languages and Their Relation to Automata, Addison-Wesley,
Reading, Mass., 1969.



FIRST ORDER GRAPH GRAMMARS 99

[5] U. MONTANARI, Separable graphs, planar graphs and web grammars, Information and Control, 16
(1970), pp. 243-267.

[6] T. PAvLIDIS, Linear and context-free graph grammars, J. Assoc. Comput. Mach., 19 (1972),
pp. 11-22.

[7] J. PFALTZ AND A. ROSENFELD, Web grammars, Proc. Joint Internat. Conf. on Artificial Intelligence,
Washington, D.C., May 1969, pp. 609-618.

[8] T. PRATT, Pair grammars, graph languages and string-to-graph translations, J. Comput. System
Sci., 5(1971), pp. 560-595.



SIAM J. Compur.
Vol. 3, No. 2, June 1974

OPTIMAL BINARY SEARCH TREES WITH
RESTRICTED MAXIMAL DEPTH*

M. R. GAREYYt

Abstract. An algorithm is given for constructing a binary tree of minimum weighted path length
for n nonnegative weights under the constraint that no path length exceed a given bound L. The
number of operations required is proportional to Ln®. Such problems, which impose an additional
constraint on the usual Huffman tree, arise in many applications, including computer file searching
and the construction of optimal prefix codes under certain practical conditions.

Key words. algorithms, probabilistic search, variable-length codes

1. Introduction. Binary trees of minimum weighted path length have ap-
plication in many areas, including searching computer files, merging sorted lists,
diagnosing machine failures, and constructing variable-length codes. The well-
known Huffman algorithm [5] can be used to efficiently construct such optimal
binary trees. In this paper, we consider this problem under the additional re-
striction that no path length in the tree is permitted to exceed a given bound L.
Karp [6] described a rather complicated integer linear programming technique
for solving this problem in the context of constructing restricted-length prefix
codes. Gilbert [1] proposed using such codes when source probabilities are not
accurately known and gave an essentially enumerative method for finding a
solution. In [3], Hu and Tan derive an improved nonenumerative algorithm for
solving this problem, which, however, requires a computing time which grows
exponentially with L. We shall present an algorithm which is considerably more
efficient than any of these, requiring only O(Ln?) operations to construct an
optimal tree for n weights.

2. Definitions. Our terminology essentially follows [3]. A binary tree (called
an extended binary tree in [6]) consists of a distinguished node, called the root,
and two disjoint binary trees, called the left and right subtrees of the root, either
both empty or both nonempty. Nodes occurring in the two subtrees are called
descendants of the root, and all nodes having a given node as a descendant are
ancestors of that node. Nodes which have no descendants are called terminal
nodes, and all nodes which are not terminal are called nonterminal nodes. Notice
that every nonterminal node has at least two descendants. The path length of a
node in a binary tree is simply the number of ancestors of that node.

It is convenient to consider the terminal nodes of a binary tree to be ordered,
from left to right, as follows: given a binary tree T, the terminal node V; is left of
terminal node V; if and only if there exists a subtree T" of T which has V; occurring
in its left subtree and V; occurring in its right subtree. This is merely the left-to-
right order of occurrence of the terminal nodes in the usual planar representation
of the binary tree.

A weighted binary tree for the set' of weights {w,,w,,---, w,} is a binary
tree with n terminal nodes, each labeled with a different one of the n given weights.

* Received by the editors February 12, 1973, and in final revised form September 28, 1973.
1 Bell Laboratories, Murray Hill, New Jersey 07974.
! This is actually a multiset, since we permit different weights to have identical values.
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We use I(w;) to denote the path length of the terminal node labeled by w;. The
total weighted path length of a weighted binary tree is given by

Z wi - l(w)).
i=1
Given a set of nonnegative weights {w,,w,, ---, w,} and a positive integer
L, we consider the problem of constructing a weighted binary tree for this set of
weights which has no path length exceeding L and which has minimal total
weighted path length among all such trees. We shall call such a tree an optimal
L-restricted tree for {w;,w,, -, w,}.

3. Preliminary lemmas. In this section, we present four preliminary lemmas
which will be useful later. The straightforward inductive proofs are omitted.

LEMMA 1. A binary tree with terminal node path lengths {1,,1,, -, I,} exists
if and only if

Y 2=,

(See Knuth [7, p. 404, Prob. 3].)

LEMMA 2. Given positive integers Iy, 15, - -+, I satisfying
Y 27,
i=1
there exists a binary tree with terminal node path lengths {l,,1,, ---, l,} satisfying
L<L1<i<n
LEMMA 3. An optimal L-restricted tree for {w,,w,, -+, w,} exists if and only
if L = log, n.
LemMa 4. If L = log, nand wy = w, = -+ = w,, then there exists an optimal
L-restricted tree for {w.,w,, -+, w,} such that l(w,) £ l(w,) < --- < I(w,) and
such that the terminal node labels w,,w,, ---, w, appear consecutively from left

to right. (See Schwartz and Kallick [9].)

4. A dynamic programming solution. We now use the results of § 3 to derive
a dynamic programming algorithm which constructs an optimal L-restricted
tree for {w,,w,, -+, w,} in time Ln>. This basic algorithm will then be improved
to time Ln?in § 5.

For the rest of the paper, we assume that the given weights have been indexed
sothatw;, 2w, = -+ = w,.

Let T be any optimal L-restricted tree for {w,,w,, -, w,} of the form
described by Lemma 4. Consider any nonterminal node V in T, and let K denote
the path length of V. By choice of T, the set of weights labeling the terminal
descendants of ¥ must equal {w,|i £t < j},for someintegersiandj,1 <i<j < n.
The subtree of T with root ¥ must be an optimal (L — K)-restricted tree for that
set of weights, for otherwise we could replace it by such an optimal tree to improve
upon T, a contradiction. This latter fact, along with the special structure of the
terminal descendant sets, allows us to give an Ln® algorithm for our problem
using a ‘‘dynamic programming”’ technique, similar to the method of [2].
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Let [u,v,k], with 1 £u <v <nand 0 £k < L, denote the subproblem of
finding an optimal k-restricted tree for {w,,w,,, -+, w,}. Let K[u, v, k] be the
total weighted path length of such an optimal tree for [u,v,k]. Whenever
k <log, (v — u + 1), no solution to [u, v, k] exists, and we set K[u,v,k] = oo.
Otherwise, we have

K[u,u,k] =0, 0<k<L;

(*) K[u,v,k]=iw,~+ min (K[u,I,k — 1]+ K[I + 1,0,k — 1]),

i=u usIsv—1

lfu<vEn, log,v—u+1)Zk=L.

If I = I, is a solution of (*), then an optimal tree for [u, v, k] consists of a root,
a left subtree which is optimal for [u, Iy, k — 1], and a right subtree which is
optimal for [I, + 1,v,k — 1]. Solving (*) for all required u, v, k in order of in-
creasing v — u results in an optimal tree for the original problem [1,n, L].

It is convenient to define I[u, v, k] to be a specific choice of I satisfying (*),
with I[u, u, k] = u. By saving I[u, v, k] it becomes unnecessary to save an optimal
tree for [u, v, k], since upon determination of I[1,n, L], the optimal tree can be
reconstructed directly from the saved I[u, v, k] values.

The resulting algorithm requires a number of operations proportional to
Ln?. The analysis is similar to the analysis of the algorithm given in [2] and will
not be detailed here.

5. An improved algorithm. The algorithm of § 4 can be improved with a
technique similar to that used by Knuth in [7]. The main result for obtaining
this improvement is a corollary to the following theorem, which is proved in the
Appendix.

THEOREM 1. For2 £ x+ 1 <y =<nand k = 0,

K[x,y, k] — K[x + 1,y,k] 2 K[x,y — 1,k] — K[x + 1,y — 1,k].

This essentially states that the increase in total weighted path length of the
optimal k-restricted tree caused by adding a new large weight w,,, to a set S of
nonnegative weights is greater than the increase caused by adding w,,,, to the
smaller set S — {Wpin}, Where w,,;, is the least weight in S. Since the Huffman tree
is an optimal k-restricted tree when k is suitably large, we have the following
immediate corollary.

COROLLARY 1. Let H(X) denote the total weighted path length of the Huffman
tree for the set X of nonnegative weights. If T is a set of two or more nonnegative
weights, then

H(T) - H(T - {Wmax}) g H(T - {Wmin}) - H(T - {Wmaxa Wmin})a
where wy,,, and w,, are, respectively, the largest and smallest weights in T.

Though Corollary 1 is itself of some interest, it is stated merely as an inter-
esting consequence of Theorem 1 and is not directly relevant to the problem at
hand. The next corollary, however, applies directly to our problem.

COROLLARY 2. Whenever I[u,v — 1,k] < I{u + 1,v,k], there always exists a
solution to (*) such that

Mu,v — 1,k] < Iu,v,k] < I[u + 1,0,k].
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Proof. We prove that we can choose I[u,v,k]< I[u + 1,v,k]; the other
half follows symmetrically. More specifically, we prove that if (*) is minimized for
some I > I[u + 1, v, k] then (*) is also minimized for I = I[u + 1, v, k]. Suppose
(*) is minimized for I,, where I, > I, = I[u + 1, v, k]. From repeated application
of Theorem 1, we obtain

Klu,I,,k— 11— Klu+ 1,I,,k—1]= K[u,I,,k — 1] — Klu+ 1,1,k — 1],
which we rewrite as
Klu,I,k—1]— Klu,I,,k—=11ZKlu+ 1,1,k —1]—Ku+1,1,,k—1].

Adding K[I, + l,v,k — 1] — K[I, + 1,0,k — 1] to each side and using the
optimality of I, for [u + 1, v, k], we have

(K[u, I,k — 1]+ K[I, + 1,0,k — 1)) — (K[u, I,k — 1]+ K[I, + 1,0,k — 1])
> (Ku+ 1,1, k—11+K[I, + 1,v,k — 1]
— (K[u+ 1,1,k =11+ K[I, + 1,v,k — 1) 2 0.

Therefore, (*) is also minimized for I =1,, and we may choose I[u,v, k]
= Ifu + 1,v, k], completing the proof.

We now show how Corollary 2 simplifies the previous algorithm. Consider
all the subproblems [u, v, k] for a fixed k and fixed v — u = p. In solving (*) for
[i,p + i, k], we need only consider

V+ I+ 1,p+i k] —I[i,p+i—1,k]

possible values for I. Summing this over i, we obtain
n—p

Y U+ 1I[i+1,p+ik]—1Ili,p+i—1,k)

i=1
=m—p+In—p+1,nk]l—-1I[1,p,k]<2n—p— 1.

Thus, in solving all the subproblems for fixed v — u = p and fixed k, we need
only consider a total of at most 2n — p — 1 tentative solutions. Since there are
only n + 1 possibilities for p and L + 1 possibilities for k, the revised algorithm,
which simply uses Corollary 2 to reduce the values of I considered in solving
(*), requires only O(Ln?) operations. Note that, in order to achieve this efficiency,
it is also necessary to compute the weight sums using previously computed
weight sums, that is, according to

v—1

Yowi= Y wi+w,,
which requires only a single addition. A FORTRAN version of this algorithm,
implemented on the HIS 6070 by Mary Ann Gatto, required approximately
Ln?/10 milliseconds.

An additional feature of this algorithm is that one actually obtains the
optimal codes and their costs for all length restrictions less than or equal to L
with a single application of the algorithm. This provides the user with potentially
useful information concerning the effects of various length restrictions on the
optimal solution cost.
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6. An open problem. The unimproved dynamic programming algorithm of
§4 can be used to solve a more general problem. Define an optimal alphabetic
binary tree [4] for a given sequence of weights w,,w,, ---, w, (not necessarily
ordered by magnitude) to be a weighted binary tree having n terminal nodes
labeled by w,,w,, ---, w, in consecutive left-to-right order and having minimal
total weighted path length among all such trees. One can then consider the
analogous problem of constructing an optimal L-restricted alphabetic binary
tree. It is easy to see that the Ln> algorithm of § 4 can be applied directly to solve
this problem. However, an interesting open problem is to determine whether one
can improve this algorithm with a result similar to Corollary 2. The proof of
Theorem 1, which is used in proving Corollary 2, cannot be extended directly to
this more general problem, because it depends strongly on the magnitude ordering
of the given weights.

Appendix. Proof of Theorem 1.

THEOREM 1. K[x, y, k] — K[x + 1,y,k] = K[x,y — 1,k] — K[x + 1,y — 1,k].

Proof. If no tree exists for [x, y, k], then K[x, y, k] = oo, and the inequality
holds trivially. Otherwise, let T[x, y, k] denote a fixed optimal tree for [x, y, k]
with [;(r) denoting the length of w, in T[x,y,k], x <r < y. Similarly, let
T[x + 1,y — 1,k] denote a fixed optimal tree for [x + 1,y — 1,k] with I,(r)
denoting the length of w, in that tree, x < r < y. By Lemma 4, we may assume
that [i(r) < l)(r +1) and Iy(r) < I,(r + 1), for all r satisfying x <r <y or
X <r <y — 1, respectively.

Define m as the largest element of {r|l,(r) < k, x < r < y}.? Construct a
tree T' for [x + 1,y,k] from T[x + 1,y — 1, k] by replacing the terminal node
for w,, by a nonterminal node with two terminal descendants, one labeled w,, and
one labeled w,, , ; , and replacing each old label w, by w,, ;form + 1 £ r <y — 1.
With I'(r) denoting the lengths in T, we then have

I'(ry = L(n), x<r<y, r#m, r#m+1,
I'm)=1Im+ 1) =1L,(m) + 1,
I'(y) = max (I,(y — 1), l,(m) + 1).

Define A(r) = I,(r) — I'(r) for x < r < y. Notice that A(m) < A(m + 1), because
lLim) = li(m + 1), and A(r) =0 for m + 2 < r < y, since then I'(r) = k = 1,(r).
We now consider a number of cases.

(a) Suppose I'(x + 1) < I;(x). Construct a tree T* for [x, y, k] from T’ by
replacing the terminal node for w,,; by a nonterminal node with two terminal
descendants, one labeled w, and one labeled w,,,. Let A*(r) = I,(r) — I*(r),
x = r <y, where I*(r) denotes the length of w, in T*. Then A*(x + 1) = A*(x)
= 0. Let T” be a tree for [x + 1,y,k] with lengths I"(r) satisfying I"(r) < I'(r)
+ A*(r), x + 1 < r < y. To see that such a tree exists, we need only show that

2—1’(r)—A*{r) <1.
r=x+1

% Note that this set is nonempty since T[x, y, k] exists.
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However, we have

y y
Z 2-—1'(r)—A*(r) — Z 2—[*(r)—A*(r) + 21—1*(x+1)—A*(x+l)

r=x+1 r=x+2

Il

Yy
Z 2“11(") + 2—[1(x+l)

r=x+1

i 27h) 4 2=h(¥) — 1,

r=x+1

IIA

Thus there exists such a T”. Letting K(T) denote the total weighted path length
of T, we have

K(T') - K(T") = Xy: wl'(r) — I"(r))

r=x+1

S

r=x+1

> Cw AR — Y wAR)

r=x+1
= K(T*) — K[x,y,k] = 0.
Therefore
K[x,y,k] — K[x + 1,y,k] = K[x, y, k] — K(T")
K(T*) — K(T")

v

= Wity + wx(l + l,(X + 1))

Now we can construct a tree T for [x,y — 1,k] from T[x + 1,y — 1,k] by re-
placing the terminal node for w,,; by a nonterminal node with two terminal
descendants, one labeled w, and one labeled w, . ;. This is legal because I'(x + 1)
= l,(x + 1). We then have

K[x,y,k] — K[x + 1,y,k] Z weyq + wl +I'(x + 1))
= Wepq + Wl + Lx + 1))
K(T) — K[x + 1,y — 1,k]
= K[x,y — 1,k] = K[x+ 1,y — 1,k],

proving the theorem for case (a).
(b) Suppose A(m + 1) <0 and I'(x + 1) = I,(x). We claim that then there
exists a tree T* for [x, y, k] with lengths [*(r) satisfying

*(x) = 1i(x),
*r) = I(r) ifA(r) <0,
1,(r) 2 I*(r) = I(r) if Ar) > 0.

We give an explicit construction for T*. Initially, set [*(x) = [,(x) and I*(r) = I'(r)
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for x < r < y. At this point, we have
y
27N = 2l + Z 2=l

r=x+1

=271 41> 1,

it

As long as )¥_ 27"(r) > 1, choose s such that I*(s) < [,(s) and I*(s) is as small
as possible; increase [*(s) by 1. Since

iva-

2 —max (L1(r),'(r)) < i 2~ hn — 1,

we must eventually obtain values for I*(r) satisfying ) ¥_ 27"" < 1. Furthermore,
since increasing I*(s) by one decreases Y 7_ 27" by 27"~ < 27h™ and since
the choice of s dictates that each reduction is no larger than the previous re-
duction, it is easy to see that we in fact will obtain ) 270 =1,

We now proceed as in case (a). Define A*(r) = [,(r) — I*(r), x < r < y. Let
T" be a tree for [x + 1, y, k] with lengths I"(r) satisfying I"(r) < I'(r) + A*(r),
x + 1 = r <y. The existence of such a T" follows from Lemma 2, since, using
the fact that either I*(r) = I'(r) or both I*(r) > I'(r) and A*(r) = 0, we have

1 — Zy: VN —AXN) Zy: 2—1’(r)(1__2—A*(r))

r=x+1 r=x+1

y
Z 2—1*(r)(1 _ 2—A*(r))

2
r=x+1
i *(r) i Li(r)

= 27F0 2710 = 0,
r=x+1 r=x+1

Exactly as in case (a), we obtain K(T') — K(T") = K(T*) — K[x, y, k], yielding
K[x,y,k] — K[x + 1,y,k] = K(T*) — K(T").
Now we construct a tree T for [x,y — 1, k] which has lengths I(r) satisfying
Ir) = I¥(r), x<r<m,

Ir) = L,(r), msr<y.

This tree exists because

y—1 B m—1 y—1
Z -l Z 2B 4 Z 9= l2(r)
r=x r=x r=m

m—1

— z 2N + Xy: 27l

r=x r=m

y
=y 27rn
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We now have

y—1 m-1
S wille) — L) = % wlle) — 1)
m—1
=Y wre) - 1)
= 3 Wl — 1),

Therefore
K[x,y, k] - K[x + 1,y,k] = K(T*) — K(T")
=K(T)— K[x + 1,y — 1,k]
= K[x,y—1,k] — K[x + 1,y — 1,k],
completing the proof for case (b).

(c) Suppose A(m) <0, A(m + 1) > 0 and I'(x + 1) = [,(x). We claim that
then there exists a tree T* for [x, y, k] with lengths I*(r) satisfying

I*(x) = 14(x);
Fry=1(r) fr=m+1 or A(r)=0;
Ln=rFr) =I'(r) ifr#m+1 and A(r)>0.

If we can show that

Zy: 2 -max(a(l) | g =limt D) < [
rEm¥ 1

then the same method for constructing T* as in case (b) can be used. We now show
that this is the case.

There exist positive integers 4, such that 27" — 2710 = 4 .27V for g]]
r # m + 1 satisfying A(r) > 0, because I'(m) = I,(m) = I1,(r) > I'(r) for all such r.
Let 4 denote the sum of all the A,. If the desired inequality were not satisfied,
then

y
1< Z 2—max(11(r),l’(r))+ 2—1'(m+1)

r=x
rEm+1

Zy" 2—1’(r) + 2—ln(x) _ A,2~l’(M)

r=x+1

1+ 2—ln(x) — A~2_“'"),

which implies that

2 hx) _ A,z-l’(m) > 2~ lm
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But then we have

1= 2l

i

~

Q ~max (), (r)

\
iva

Il

y
Z 2—max(lx(r),l'(r)) + 2-11("!"'1)
r=x
reEm+1

— 1 + 2-—11(x) _ A.z-—l’(m) + 2—ll(m+ 1) _ 2—1'(m+1)

> 1 4 270m 4 p-him+l) _ o=T(m) - 1,

a contradiction. Thus, we can construct such a T* using the method of case (b).
The rest of the proof for case (c) follows exactly as in case (b).

(d) Suppose A(m + 1) = A(m) > 0 and I'(x + 1) = [,(x). Using the same
method as in case (c), it is not hard to show that we can use the method of case
(b) to construct a tree T* for [x, y, k] with lengths [*(r) satisfying

I*(x) = 14(x),
*r)=1(r) ifA(r) =<0,
Linz=rFr)zl(r) ifA(r)>0 and x<r<m,
*m + 1) = *(m).
As in case (b), we also obtain
Klx,y,k] — K[x + 1,y,k] = K(T*) — K(T).

Now we construct a tree T for [x, y — 1, k] which has lengths I(r) satisfying
Ir) = I*(r), x<r<m,
Im) = ¥(m) — 1,

Ir) = L,(r), m<r<y.

This tree exists because

y—1 m—1 y—1
z 2—i(r) — z 2—1*(r) + 2—1*(m)+ 1 + z 2—lz(r)
r=x r=x r=m+1

m—1
= Z 2“’*(") + 2—1*('") + 2—1“("1"'1) + i 2—!*(r)

r=x r=m+2

y
Y LY
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We then have

y—1

X wllr) = L) =

r=x r

wilr) = 1,(r))

wI*(r) — I'(r))

Therefore
K[x,y, k] — K[x + 1,y,k] = K(T*) — K(T")
> K(T) — K[x + 1,y — 1,k]
= K[x,y—1,k]—K[x+ 1,y —1,k],

completing the proof for case (d) and proving the theorem.
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JUMP PDA’S AND HIERARCHIES OF
DETERMINISTIC CONTEXT-FREE LANGUAGES*

S. A. GREIBACHY

Abstract. A jump pushdown store acceptor can in one step erase its store through the first occur-
rence of one of its pushdown store symbols. Every deterministic context-free language can be accepted
by a deterministic jump pushdown store acceptor operating with finite delay (semirealtime). For
deterministic jump pushdown store acceptors operating with finite delay, n + 1 types of pushdown
store symbols are more powerful than n types of pushdown store symbols. As a consequence; it can
be shown that the family of deterministic context-free languages does not form a principal AFDL.

Key words. deterministic context-free, pushdown store, hierarchies, jump pda, semirealtime

1. Introduction. The family of deterministic context-free languages has been
extensively studied from the point of view of both grammars and machines [1],
[21, [3], [4]. Various subfamilies have been found by placing restrictions on
grammars or machines or both [5], [6], [7], [8], [9], [10]. Recently there have
been various studies of the structure of context-free languages and other non-
deterministic systems [11], [12], [13], but no satisfactory algebraic or operation-
based theory has been developed for deterministic context-free languages; the
results of this paper indicate such a theory might not be possible.

The AFDL (Def. 2.7) has been suggested by Chandler as a model for deter-
ministic systems [14]. He showed that any family of one-way deterministic accep-
tors with input endmarkers which satisfies a few minor conditions (any closed
class of one-way deterministic balloon automata [15]) is closed under certain
operations and forms an AFDL, that every AFDL can be so expressed, and further
that every principal AFDL can be deterministically accepted by machines with
one-way input and a finite number of working tape symbols and instructions
(finitely encoded—Def. 2.1). So far, this parallels the results for AFL’s and non-
deterministic systems—every family of one-way nondeterministic acceptors
operating with finite delay (closed class of one-way nondeterministic balloon
automata) forms an AFL containing {e} and vice versa [16]." However, in the
nondeterministic case, finitely encoded storage always yields a principal AFL
[17].2 A corresponding result does not hold for one-way deterministic machines.

The family ¥ of deterministic context-free languages can be accepted by
deterministic pushdown store acceptors with only two pushdown store symbols
and a finite number of instruction types. However, we shall show that % is not a

* Received by the editors December 1, 1972, and in final revised form November 12, 1973.

+ Department of System Science, University of California at Los Angeles, Los Angeles, California
90024. The research represented in this paper was supported in part by the National Science Founda-
tion under Grant GJ-803.

' An AFL is a family of languages containing at least one nonempty set and closed under union,
concatenation, Kleene +, homomorphism, inverse homomorphism and intersection with regular
sets.

2 The least AFL containing a language L is the principal AFL generated by L.
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principal AFDL by expressing ¢ as U,%,, for a strictly increasing chain of AFDL’s
%.,, all proper subfamilies of the family of deterministic context-free languages.

Informally, our result says that there is no deterministic context-free language
“universal” with respect to the AFDL operations. That is, there is no deter-
ministic context-free language from which all others can be obtained using AFDL
operations. By contrast, in the one-way nondeterministic case, finitely encoded
storage always implies the existence of a ‘‘universal” language. In particular,
there is even a context-free language L, ‘‘universal” with respect to inverse
homomorphism—every context-free language is an inverse homomorphic image
of Ly (or Ly-{e}); thus L, is the “hardest” context-free language to recognize
(or “parse”) deterministically. This point and its implications are discussed
further in [20]. No analogous result can hold for deterministic context-free
languages.

The bulk of this paper is concerned with defining the %, and proving that
they form an infinite hierarchy of deterministic context-free languages. First we
define jump pushdown store automata or JPDA’s—pushdown store automata
with instructions such as “‘erase up to and including the first 4 on the pushdown
store.” Then we extend a result of Schiitzenberger [18] to show that every deter-
ministic context-free language can be accepted with finite delay by a deterministic
JPDA. This is not true for ordinary pda’s where the best we can do is linear time.

Now in linear time, a deterministic pda or JPDA with only two pushdown
store symbols is as powerful as any such machine. But if we restrict JPDA’s to
acceptance with finite delay (semirealtime in [8]), we find that we need more and
more types of jumps and hence more and more pushdown store symbols. Thus
each %, is formed of languages accepted with finite delay by deterministic JPDA’s
using n pushdown store symbols.

To prove that n + 1 symbols are more powerful than n in this context, we
define a corresponding type of Dyck set—a Dyck set with “wipeouts”. In an
ordinary Dyck set, a “‘negative” symbol a; cancels a corresponding ‘‘positive”
symbol a; immediately to its left; a,a, < e. A “wipeout” E, cancels everything up
to and including the first corresponding ‘‘positive’” symbol a; to its left, provided
only positive symbols intervene; a;yE; < e if y contains neither a; nor any a; or
E;. A formal definition appears in § 2. We obtain our hierarchy by showing that
then + 1 symbol Dyck set with wipeouts is in 6, ,; — %,,.

So the deterministic context-free languages give us a natural example of a
deterministic family defined by a family of finitely encoded one-way deterministic
acceptors which is not a principal AFDL. Also, %, is a natural example of a family
of deterministic languages not closed under union with regular sets.

In § 2 we define JPDA’s, Dyck sets with wipeouts, and the %,, and show that
€ = U,%,. In §3 we establish the hierarchy results. Section 4 contains con-
clusions and open problems.

2. Jump pda’s and Dyck sets with wipeouts. In this section we define the
family of pushdown store acceptors with “‘jump” instructions, and show that
they can recognize with finite delay all and only deterministic context-free
languages. Then we define the associated extended Dyck sets which we use in the
next section to obtain our hierarchy results.
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A comparison of the definition of deterministic pushdown acceptors used by
Schiitzenberger [18] with the results of Ginsburg and Greibach [1]® shows that
every deterministic context-free language can be accepted in realtime by a push-
down store acceptor which at one move can either write a symbol on the pushdown
store, leave the store alone, or else “‘jump” down the store to erase the first
member of some fixed regular set. In this paper we shall use variants of this model.

We shall be introducing several modifications of pushdown store machines,
all of which are deterministic, have endmarkers and accept by final state, but
which vary in the types of instructions they can use. To avoid redefining machines,
instantaneous descriptions, computations and so on for each modification, we
introduce the following general definition of a storage schema.* It consists of a
working tape symbol set, an instruction set and partial functions g and f indicating
how the storage is accessed (g(x)) and changed (f(x,u)). For our purposes, the
access will always be in the pushdown mode reading from the right. When f(x, u)
is undefined, it indicates that instruction u applied to tape contents x is illegal;
that g(x) is undefined indicates an illegal storage configuration. Let 1 abbreviate
*“is undefined” and | abbreviate “‘is defined”.

First we define a storage schema in terms of a working tape vocabulary I,
instruction set I and storage access (g) and transition (f) functions, and a few
technical restrictions on f and g. The first restriction says that there is a designated
initial storage condition (assumed for convenience to be empty storage) which
can be distinguished from all other storage configurations. The second implies
the existence of “‘stand still” instructions allowing the state of a machine to be
changed or the input tape advanced without altering the storage. The third re-
striction is a very weak finiteness condition limiting the new symbol types an
instruction can add to storage.

DEFINITION 2.1. Let T be a set of symbols, I a set, f and g partial functions
from I'* x I into I'* and from I'* into T'*, respectively.® Then Q = (T, I, f, g) is
a storage schema if (i) g(e) = e and g(x) # e for x # e, (ii) for each y in g(I'*) there
is a u, € I such that g(x) = y implies f(x, u,) = x, and iii) for each u€ I there is a
finite T, < T such that if x e I'* and f(x, u)}, then f(x, u) e (T, U T )*. If I U g(T'*)
is finite, then Q is finitely encoded.

Thus a finitely encoded schema has a finite number of instructions and a
finite amount of information available from the storage at a given step. For ex-
ample, a finitely encoded pushdown store schema might have two pushdown
store symbols (4 and B), a few instructions (for example: no change, add A to
top, add B to top, erase top symbol) and, although there are infinitely many
possible tape contents, the access function only reads the top symbol and learns
one of three things (top is A4, top is B, or tape is empty).

Now we define a deterministic Q-machine as an acceptor with a finite state
control (state set K, transition function ), one-way input tape and an endmarker
$, employing a storage tape of type Q.

DEFINITION 2.2. For storage schema Q = (I, 1, f,2), D = (K, %, d,4,, F, $) is
a deterministic Q-machine if K and X are finite sets of states and inputs, $¢ X is

3 This has been pointed out by P. C. Fisher [23] and is implicit in his 1966 paper [24].

4 Also called an AFA schema in [16] and [17].
5 Let e be the empty word, L* the closure of L under concatenation and L* = LL*.
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an endmarker, g€ K, F = K, and 0 is a partial function from K x (£ U {$,e})
x I'* into K x I such that

(i) Gp = {y|3q,4a,0(q, a, )|} is finite, and

(ii) forallge K,aeX U {$}, € Gp, if i(q, e, y)|, then (g, a, y) is undefined.
A member of K x T* x I'* is an instantaneous description (ID); we define re-
lations * and #* on ID’s as follows. If &(q,a,y) = (¢, u), we Z*, g(x) = y and
f(x,u)l, then (g, aw, x) &+ (q',w, f(x, u)). For ID’s C,, C, and C,, C, £ C,, and
if C, & C,and C, + C,, then C ¥+ C,;if C, & C, for any k, then C, & C,. If
there is a k such that (g, e, x) ™ (¢, e,x’) implies n < k, then D is finite delay and
of delay k. If d(q, e, y)1 for all ge K and y € Gp, then D is realtime. The language
accepted by D is L(D) = {weZ*|3q€ F, (qo,w$,e) * (g, e,¢)}.

If Q is not finitely encoded, the totality of Q-machines might make infinitely
many distinctions among storage tapes, but a given Q-machine D should only
recognize a finite number, hence G, must be finite. Thus if Q represents a push-
down store scheme with countably many pushdown store symbols 4,,4,, ---,
a given machine D will only deal with a finite subset G, = {4;, -, 4, }.

The definition of an instantaneous description of D is standard : state, input
to be processed, and storage contents. If D is in state g, the storage contains x,
the information sent to D is y = g(x), the input is a, and (g, a, g(x)) = d(q, a, 7)
= (¢',u), then D changes state to ¢’ and the storage is changed to f(x,u). Ifae Z,
this implies that D reads input symbol a and advances the input tape; if a = e,
D acts without consulting or advancing its input tape. If D has no transitions
d(q, e, ), it must advance its input tape at each move and so acts in realtime. The
machine D accepts input w if it can start with initial state g, and empty storage,
read all of w$ (w plus endmarker), and end in a final state with empty storage.

We have only defined deterministic Q-machines with endmarkers ($). A
nondeterministic Q-machine D = (K, X, d, q,, F) would be similarly defined except
that 6 would be a function from K x (£ U {e}) x I'* into the finite subsets of
K x I and the endmarker would be dropped ; G, is still finite, and

L(D) = {wlge F,(qo,w,e) * (4, €, €)}.

Unless otherwise stated, by Q-machine we shall mean a deterministic acceptor.
DEFINITION 2.3. For a storage schema Q, the family of deterministic languages
defined by Q is

Z/Q) = {L(D)|D is an Q-machine}
and the family of almost realtime languages is
Zi(Q) = {L(D)|D is a finite delay Q-machine}.

The storage schemas we are interested in are pushdown-like. We always have
gle) = e and g(xA4) = A, indicating that the machine always knows whether the
pds (pushdown store) is empty and, if nonempty, what the topmost (rightmost)
symbol is. First we define Q,-machines, pda’s which can erase at one step members
of a regular set.

DEFINITION 2.4. Let I" be a countably infinite set of distinct symbols. For each
regular set R in ('), the family of regular sets over I'*, let (R be a new symbol.
Let I =T U {e} U {(RYIRe Z)}. Let Q, = (T, 1, f, g) be the storage schema
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defined by g(e) = e, g(xA) = A, and f(x, A) = xA, f(x,e) = x for 4 in I" and x
inI™* and f(xy,(R)) = xifxeIl* yeRandify = y,y, and y, € R, then y, = e;
f(x,<{R>)is undefined if x ¢ '*R. Let ¥ = ZLQ).

An Qg -machine has three types of instructions. The instruction e leaves the
pds alone. The instruction 4 adds A to the top of the pds (without erasing any-
thing already on the pds). If R e #(I'), the instruction (R) erases from the pds
the rightmost member of R ; if the pds contents is not a member of I'*R, the com-
putation blocks.

It should be clear that by adding new states to compute the reversal of R
for (R) instructions, we can get a deterministic pda to simulate an Q,-machine.
Similarly we can simulate any deterministic pda with an Q,-machine, so Z,(Q,)
is the family of deterministic context-free languages. Using a very different no-
tation, Schiitzenberger has shown [18] that every deterministic context-free
language can be accepted in realtime by a deterministic Q,-machine, and so
ZLUQ,) = Z(Q,). Hence ¥ is the family of deterministic context-free languages.

To establish our hierarchy, we shall use a subclass of Q machines where the
erase instructions {R) say, in effect, “‘jump back past the first occurrence of A”
for some letter A.

DEeFINITION 25. For n>1, let T, ={A4,,---,A,} and I, =T, U {e}
U{E,,---, E,}, where the 4, and E; are all distinct. Let Q, = (T',, I, f,,,) be
the storage schema defined by g, (xA4,) = A;, g.(e) = e, f,(x, A;) = xA, for x e T},
1 <i<n,f(x,e)=xforxel}and f(xA;y,E;) = x for xe T}, ye([, — {4;})*,
1 <i<n;ifxe(T, — {4;})*% then f,(x, E;) is undefined. Call Q,-machines pda’s
with jumps or JPDA’s. Let ¥, = £4Q,).

We now wish to argue that € = U, %,, so that simple jumps suffice to
accept with finite delay any deterministic context-free language. This result is
not really novel or surprising. It is closely related to Cole’s result using tabulator
machines [8]. The primary difference is that a JPDA uses the same symbols
both as pushdown store symbols and as tabs, so that while an n tab machine can
add to n tabs any number of pds symbols, a member of Q, has just n symbols.
Other less important distinctions are that jpda’s have endmarkers and accept
by final state and empty storage and jump below, not to the first occurrence of a
“tab”. In general, a finite delay tabulator machine can simulate a finite delay
Q,-machine using n tabs; a finite delay n tab machine can be simulated by a finite
delay Q, . ;-machine, using two extra symbols to handle the tabulator’s extra pds
symbols and one to empty the store at the end. Reference [8] restricts attention
to machines that always halt, while we do not ; for these pda variants, this makes
no difference.

Thus we state Theorem 2.1 without proof, using [8] for justification. A com-
plete, detailed and independent proof can be found in the original version of
this paper [32].

THEOREM 2.1. ¥ = U, %,.

Now one convenience of using the general notion of storage schema is that
we can immediately deduce certain closure properties of .#4(Q) and Z,Q) for
every storage model Q we use.

DEFINITION 2.6. A gsm is a sextuple M = (K, X, A, J, 4, q0), where K, £ and
A are finite sets of states, inputs and outputs, 0, the transition function, is a function
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from K x X into K, and A, the output function, is a function from K x X into A*
and g,€ K. We extend 6 and A to K x £* by d(q,e) = g, Aq,e) = e, (g, xa)
= J(d(q, x),a) and A(g,xa) = A(q, x)A(d(q,x),a), for ge K, xeX* and aeX. If
g,a) = p, Mq,a) =y, we sometimes write (q,a) = (p,y) and if d(gq,w) = p,
Mg, w) =y, we write (g, w)=(p, y) for p, ge K, acX, weZ*, ye A*. We define
M(w) = Mqo,w), M~'w) = {yIM(y) = w}, M(L) = {M(w)weL} and M~'(L)
= {y|M(y)e L} for a word w or a language L, and call M(L) a gsm mapping and
M ~(L) an inverse gsm mapping of L.

DErINITION 2.7. An AFDL is a family of languages containing at least one
nonempty e-free® language and closed under inverse gsm mappings, marked
union and marked star,” and removal of endmarkers.® The least AFDL containing
a language L is denoted by (L) and is called a principal AFDL.

ProposiTiON 2.1 (Chandler [14]). For any storage schema Q, Z,(Q) and
ZYQ) are AFDL’s. Any AFDL is closed under derivatives,’ intersection with
regular sets, and concatenation with single symbols.

COROLLARY. € is an AFDL; for each n = 1, %, is an AFDL.

We shall show that 4, < ¥,,, for each n, and hence ¥ is not a principal
AFDL. This is rather surprising since context-free languages do form a principal
AFDL [20]. It highlights some of the distinctions between deterministic and non-
deterministic systems. Context-free languages can be accepted in quasirealtime
using only finitely many symbols and instructions.

3. The hierarchy theorems. In this section we show that %,,, — &, # O for
each n. The language L,,,; we show to be in €,,; — %, is the obvious general-
ization of a Dyck set on n + 1 letters to add “‘wipeout’ or “long range cancel”
symbols.

DerFINITION 3.1. For n 2 1, let Z, , = {ay,---,a,}, &, _ = {ay, -+, a,},
X, .=1{E;,---,E}and Z,=%, , UZ, _ UZ,,. We define a relation % on
=} x T¥inductively as follows: (i) X is an equivalence relation; (i) for 1 < i < n,
Wi, Wy EXX wiaaw, £ wow, (i) forl <i<nw,w,eZ¥;ifxe(T, . — {a})
then wyaxEw, < ww,. Let L, = {weZ¥w £ e}.

It is evident that L, is in %, for all n. The intuitive reason why L, ; is not in
%, should be clear. In order for deterministic finite delay machines to suffice, we
must have “jumps” E, [1], [21], [22]. Now since we are allowed finite delay, there
is no problem in using a small number of symbols—even two—to encode a; or
a; in a standard way. But the “‘jumps’’ cause a problem since we jump to a symbol
and not to the encoding string. So if, say, a; is encoded by A, A, on the pds and a i
by A4A, and on seeing E; we want to jump through 454, the best we can do is
execute an E, jump and see how many A4,’s lie below, until we have passed 454, .
But since any number of a;’s can intervene, this destroys the finite delay property.
The reader can try other more sophisticated encodings and verify that the same

¢ An e-free language does not contain the empty word.

"IfL, UL, < X*and c¢Z, then L, U cL, is a marked union of L, and L, and (Lc)* a marked
star of L.

81f c¢ X and L < X*c, then c is an endmarker of L and removing ¢ yields L/c = {w|wce L}.

°If L is a language and w a word, the left derivative of L by w is w/L = {y|wye L} and the right
derivative L/w = {y|lywe L}.
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problem occurs. The advantage of finite delay in permitting encodings not possible
in realtime is destroyed by the disadvantage of jumping to a symbol not a string.

This is, alas, not a formal proof. As a first step we might like to show that
%, is not closed under union with regular languages because it does not contain
L = L,d U Z¥c. One’s intuition says that one pds symbol at the bottom must be
“reserved’’ in order to empty the store and accept whenever ¢ appears, so in effect,
only n — 1 pds symbols can be used to recognize L,. There are some subtle
difficulties involved, and in Lemma 3.1 we show, rather painfully, that if L is in
%,, then L, can be done by an Q, _;-machine which is also “‘allowed” up to k
occurrences of A, on the pds for some fixed k. We formally define this concept.

DeFmniTION 3.2. For n =2, k=1, let Q,, =(TI',,1,, f,x>8,), where for
xel¥, fudx,A) =xA;for 1 £i<n—1,f (x,A,) = xA, if x contains at most
k — 1 occurrences of 4,, f, (x, A,) is undefined if x € (T}}_  4,)*T'’¥, and f, ,(x, €) = x
and f, ,(x,E) = f(x,E) forall xeI'yand alli, 1 £i <n. Let%,, = £,Q,).

Thus an Q, . ; ,-machine, like an Q,-machine, has at its disposal n — 1 pds
symbols (4,, ---, A,) and so n kinds of jumps (E, -- -, E,), which can be used
without restriction. In addition, it can have on its tape up to k occurrences (but
no more) of an (n + 1)st symbol (4, ;) and thus use up to k occurrences in a row
of an (n + 1)st jump (E,, ).

We shall show that as k grows and more type n + 1 jumps are allowed, we
can handle more and more of L, , but never all of L, ;. Again, it is intuitively
clear that if a ““large” word in L,, ; contains k nested occurrences of E, ., we
will need k jumps of type E,, ; to recognize it correctly. Thus words in L, , of
the form

Aui Xy v Ay 1 XDV 1by—q -+ y1by,

with b, -, be{a,; ,E,,} and x,, - -, X,y -~ Vy_, €X¥, “need” kE,,,
jumps and form a language in %, ,, , butnot %, , ,_,.Indeed, Lemma 3.2 allows
us to conclude that if this is true for k — 1, it is true for k; however, the formal
argument is far from simple.

We shall show that for n 2 2 and all k,U,%,, < % < %,.,, and 6,,
S %,x+1- The strategy is to observe that the inequalities hold at the bottom
(U, %,, %, and %,, S 6,,+1), because they hold in the nondeterministic
case, and then use two lemmas, 3.1 and 3.2, to obtain the general case by a double
induction (on n and k).

We shall find convenient the fact that by Proposition 2.1 each %, is an
AFDL and hence U, %,, is an AFDL for each n = 2.

First we notice that %, contains only one counter languages and that P>
the family of nondeterministic k counter languages described in [12], is the homo-
morphic closure of %, , [16], [25], so since %, # F+1,, ObViOusly b,
S @y4+1 [12]. Finally, L, isin 4, — U, %, , since L, N (Z, . UZ, _)*is notin
any %, ,, and so a fortiori not in any %, , [12].

As a first step in chaining our way up, we show that if L,, , isin %,, then L,
isin U, %, , and that L, is in U, %, if and only if %, is closed under union with
regular sets. These results are immediate consequences of the following technical
lemma.
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LeMMA 3.1. Let L,, L, < * be languages such that Init L, < L,.'° Let ¢,d
be new. For n = 2, if Lic U L,d is in €,, then there is a k such that L, is in G, ,.

Proof. If L=L,c U L,d is in %,, then L = L(D) for some deterministic
finite delay Q,-machine D. Say D is of delay t. Because the prefixes of L, are all in
L,,as long as D hasn’t “learned’ that it is outside L, (that is, as long as D reads
initial subwords of any member of L), D must be prepared to receive d and wipe
out its pds. Since D is of delay ¢, it can use at most 2t + 2 jump instructions after
reading d (it must process d and the endmarker $ in at most 2t + 2 steps). Thus,
while reading any word in Init L, the pds contents of D must be of the form

BiyByy, -+ By,

forl <2t + 2,B;eT,, y;e(l, — {B;})*,1 < i £ I In particular, this implies that
if the pds contents can be factored as z, - - - z;, where each z; contains all n symbols
of I',(soz;¢(l, — {A})*, 1 <i<n), thenl <2t + 2.

Let k; = 2t + 2. The natural first thought is to construct a deterministic
finite delay €, , -machine D to imitate D on X*c and so accept L,. The new
machine would recode the first n — 1 symbols on the pds into I',_ |, use 4, when
n symbols have been used, then recode again. At most k, disjoint sections on the
pds can contain all n symbols, so D can remember all k, recodings in its finite
state control. There is, however, a difficulty in this construction. D must know at
all times how many A,’s it has on the pds and how many kinds of symbols follow
the last 4,. But with no ability to “mark’ pds symbols, D can lose track of this
when erasing. Worse yet, when a “jump’’ is executed, D doesn’t know how many
or which symbols are wiped out—so, for example, E; could erase several 4,’s
without D’s being the wiser.

So we let k = (k, + 1)(n + 1), construct D as a deterministic finite delay
Q, -machine and use the extra A,’s allotted as markers. Call a part of the pds of
D containing all n symbols a “‘section”. Each section will be marked in D by
A,A,A A, -+ A,_,; within a section, the first time symbol A; appears and is
encoded by 4; is marked by 4;4,4,4, -+ A,_;. Thus when D applies, say, E;,
it will jump either to an “ordinary” A; or to one within a marker. Which case
occurs can be determined by examining up to n symbols on the pds. If, for ex-
ample, D finds 4,4,A4, --- A;_, below, it knows that it must execute another E;,
and it will then be in the section below, where a different coding may obtain. This
will cause at most n — 1 extra jumps, so D will still be finite delay.

Thus the actions of D may be roughly sketched below ; the full construction
is exceedingly long and would not aid the reader’s understanding.

1. D simulates D on input X*; when it reaches its endmarker, $, it simulates
D on c$. If D adds symbols to the pds on c$, D carries out this part of the simulation
in its finite state control alone.

2. When D puts down its first symbol, say A5, D places 4,4,4, --- A,_, on
its pds and remembers that in this section, 4, is A;. Subsequent appearances of
A, in this section are simply encoded as A, . The next symbol to be used by D,
say A,, is recorded by D as A,4,4, --- A,_, and subsequently as 4,, and D
remembers the encoding: “A, is 4,”. During this procedure, D knows which
section it is dealing with and how many distinct symbols have appeared.

" 1nit L = {w|3y,wye L}.
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3. Before each simulation of a step of D, if the top symbol of D is 4,_,, D
examines the top n + 1 symbols to see if they are A;4,4, --- A,_,; if not, D acts
like D decoding 4, _, ; if it is, it decodes A; to simulate D.

4. When the nth symbol within a section appears—say 4,—D marks it as
A,A,A, --- A,_, and remembers that a section has been completed in which 4,
is A, . Subsequent appearances of A, will not be encoded as A4,, for now the count
of symbol types begins anew ; if 4, appears again as the ith type, i < n, it will be
encoded as 4;4,4, --- 4,_,.

5. If D ever completes k, + 1 sections, it blocks.

6. If D wishes to execute an instruction E; but A; has not appeared in this
section, there are three possibilities. If the current section is the first one, D blocks
since there is no 4; on the pds of D. If there is a complete section below in which
Aj was not the nth symbol, D executes the jump E, until the top symbol is 4, (at
most n — 1 jumps are needed) and then executes one more E, (to erase 4,); now
it proceeds as in step 7, knowing that it is in the section below. If there is a com-
plete section below in which A4; was the nth symbol, then D jumps through
A,A,A, -+ A,_, as described above and resumes simulating D.

7. If D wishes to execute an instruction E; where 4; is encoded by D in this
(incomplete) section as A4;, i # n, then D first executes E;. Next D checks to see if
the top of the pds is of the form 4, 4,4, --- A;_, . Ifitis not, D restores these i + 1
symbols and proceeds as before in the knowledge that the right jump has been
made, and the section and encoding within the section is unchanged. If the top,
however, is A,A,A, --- A;_,, clearlyn > k = i. If k # i, then D executes another
E; jump, and repeats step 7, knowing now that the remainder of this section con-
tains exactly k — 1 symbols; coding for the other n — k symbols may be changed
in accordance with step 2. If the top is 4;4,4, --- A;_,, D removes it and resumes
simulating D, knowing that the current section has exactly i — 1 symbol types.

8. If D is to execute E; where A, currently encodes A;, D executes E, until it
has A4, as top symbol, then erases 4, and resumes simulating D, knowing it is in
the section below. Note that since each section contains appearances of all n
symbols, the procedures in steps 6, 7 and 8 require fewer than n? steps, so D is
still finite delay.

Thus L, = L(D) €%, , as claimed. [

Now observe that U, %,, is closed under union with regular sets. If %, is
closed under union with regular sets, it must contain L¢c U £*d whenever it con-
tains L € Z* and ¢,d ¢ X, s0 %, = U, %,,. Thus we have the following corollary.

COROLLARY 1. For n 2 2, %, is closed under union with regular sets if and only
lf(gn = Uk(gn,k'

Since %,,,,, contains the closure of ¥, under union with regular sets, we
have another corollary.

COROLLARY 2. Forn 2 2, %, = %,,,, if and only if €,,1, = U, G,x = G,.

Now

Ln+1 n (An+12:{‘;in+19En+l}) = An+1Ln‘Zn+1 U An+1 Inlt LnEn+1’

so we also have the following.
COROLLARY 3. Forn = 2,if L, €%,, then L€ U, %, ,.
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So we can conclude that L, is not in %, because L, is not in U, %, ;. How-
ever, to show that L, is not in %, requires us to first establish that L, is not in
Ui %;,. The next lemma does this for us. It shows that if L, is not in U, %,,,
then L,,,isnotin U, %, ;,and €, 4 S Gps14+1 fork 2 1.

The following companion lemma to Lemma 3.1 uses a dichotomy argument
similar to those in [26], [27] and [28], but with a twist to take care of the fact
that we are dealing here with deterministic systems. The idea behind the proof is
quite transparent, but the detailed verification is tedious, relying heavily on
special properties of Dyck sets and on Ogden’s lemma for deterministic pda’s
[29]. The interested reader will find the proof in the Appendix.

LEMMA 32. Letp=1,n= 2,k = 1, L < X* and c, ¢, and d be symbols not in
Z UZ¥ Let L = {¢x¢wgzc|xz € Init L,,weL} U {¢x¢wgzdxze L,,weL}. IfLis
N G,s 1 k+1, then either L, isin U, %,, or Lisin 6, ,.

Finally we establish our main hierarchy result.

THEOREM 3.1. Foralln 2 2,k 21, U, %,, S €, S Gur1.1,Md G, S Curv1»
and L%, — U,%,, S 6, — Co-1-

Proof. These results have been already established for n = 2 and all k.
Corollary 2 of Lemma 3.1 tells us that U, 6,, # %, implies %, # %, ,,. Thus we
need only show by inductiononn and kthat L, €%, — U, %,, and %, ;. # G-

Suppose we have shown this for some n = 2 and all k. Now we consider
n + 1 = 3. We define a series of regular sets R, for k = 0 and show that L, .,
N Ry€¥,+1,1 — €,, and show by induction on k that L,,; N R, €%, 4+,
— %,+1,- This clearly will complete the proof.
Let

Ry = @y Z5{Gns 1> Eni 1}
and for k = 1, let
Ry = a, (TR Zf{8,4 1, Epi 1}
Now

L”+1 n RO = a”+1Ln(—1n+1 U an+1 Init L”E”+1,

soif L,,, N Ry€¥%,, then a,,,L,e U,%,, by Lemma 3.1. Since U,%,, is an
AFDL, it also contains L, (by Prop. 2.1), which contradicts the induction
hypothesis. So L, ,; N Ryisin6,,., , — %,.

To show by induction on k that L,,; N R, €%, 4+1 — Gn+1.4> WE DOtice
that each word w in L,,; N R, contains exactly [ + 1 occurrences of g, ,, one
of which starts w, and exactly | + 1 occurrences of @, , or E,, ,, one of which

ends w. Thus there is a gsm M such that

M YL,,,NRY)=1L,
where
L = {¢x¢wg¢ycwe L, N R,_,xyelnitL,}

U {¢x¢wgydlwe L,,; N R,_,,xyeL,}.
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If L,y N R, is in ,, 4, so is L, since %,,,, is an AFDL. Since L, ¢ U, %,,,
Lemma 3.2 implies that L,,, N R,_, is in %,,,,-,. Hence L., N R,_,
€%+ 1,k—1 implies L,y N R €%, 1, 0O

COROLLARY. Forn = 1, €, is not closed under union with regular sets.

The next corollary is important enough to state as a theorem.

THEOREM 3.2. The family of deterministic context-free languages is not a
principal AFDL.

4. Conclusions and open problems. We have shown that the deterministic
context-free languages do not form a principal AFDL, although the family of
context-free languages is a principal AFDL [20].

We have defined acceptance by empty store and final state. If %, is the family
of languages accepted by final state along by Q,-machines, clearly €, = %,
S %,+1,1- Since %, is not closed under union with regular sets, but €, obviously
is, it follows that €, # €, ; the reader may use the methods of this paper to show
that €, S %,+1,1- Thus the fact that ¢, = 4,.,.1 S €,+1 S %n+1 shows that we
get a similar, though not identical, hierarchy if we consider acceptance by final
state alone. (If we define %,, and %’ analogously, we can also show that
Cor S Cupr1 S Grxrr and 6, # U, 6, ,; of course ¥ = €'.) So our results are
valid under either interpretation ; they appear to the author somewhat easier to
obtain using %,,.

If we let 7, be the family of languages accepted by deterministic finite delay
n tab tabulator machines in the sense of Cole [8], one can use the methods of
this paper to show that 4, & J, < %,.,,; and that 7, and %, .., are incomparable.
Again this establishes the %, hierarchy since 7, & 7, ., [8]. This approach seems
no simpler than the direct proof that ¢, < €, ,. For example, ¥, & 7, because
., is closed under union with regular languages but %, is not; to show L, ,
€%,.. — 7, s at least as tedious as showing L, €%,,, — %,.

It is also open whether the family of realtime context-free languages or the
various %,, ¢, or %,, are principal AFDL’s. Again we conjecture that they are
not. One could ask similar questions about deterministic stack [30], checking
automata [27], or nested stack [31] languages and expect similar results. For
example, one would expect that deterministic finite delay stack automata with
jumps would lead to similar hierarchies.

Two rather more interesting questions suggested by our results are whether
similar “‘jump” hierarchies exist for single tape Turing machines, and what an
appropriate algebraic structure theory for the deterministic context-free languages
would be.

Suppose we consider deterministic finite delay machines with one Turing
tape as working tape and add some instructions of the form J;(A) or J g(4)—jump
to the first 4 to the left or the right. Do we get a hierarchy by restricting the types
(i.e., the symbol 4 jumped to) of jumps or the number of jumps performed? An
analogue of Lemma 3.1 seems plausible for Turing machines, but Lemma 3.2
appears harder. For multitape Turing machines, the extra speed afforded by any
fixed number of tabs can be achieved without tabs by adding extra tapes [33]; to
the best of the author’s knowledge this is the best result along these lines to date.
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The results of this paper and of [6] make it apparent that AFDL’s are not a
sufficient framework for studying the structure of the deterministic context-free
languages. It might be useful, for example, to find a reasonable set of operations
O such that ¥ is the least ¢-closed family containing, say, the Dyck sets. A similar
question concerns building up deterministic context-free languages from regular
sets without going out of ¥—finding an analogue to nested iterated substitution
as discussed in [11].

Appendix. In this section we give the proof of Lemma 3.2. First, however,
we need some more notation and a technical lemma regarding Dyck sets with
wipeouts. For w in ¥, let u(w) be the smallest x in £* with u(w) £ x. The usual
arguments regarding Dyck sets show that u(w) is uniquely defined. Let
v(w) = max {|u(x)| Iy,w = xy}.

We need a lemma which says that if we ““pinch out’’ of words in L, subwords
w in L, with v(w) “‘small”’, then we can use an inverse gsm mapping to put them
back in place. This is necessary, for it is only a *“‘pinched” version of L, that we
shall show to be in U, %, .

Note that for ¢t and n fixed, the set

R,, = {weL,vw) < t,w| = 2t}

of words “‘small’’ in “*height” (v(w) < t) but long in “‘width” (lw| = 2t) is regular.
In general, an AFDL is not closed under substitution by regular sets; our lemma
shows that in this special case, we can put R, , back. The reason is that a gsm can
pinch out R,,. The condition |w| = 2t is necessary because every nonempty
word in L, must contain a subword w with v(w) < t,so we can only eliminate cases
with |w| large.

LEMMA A. Let t,n 2 2 and R,, = {(weL,|vw)<t, W =2t} and L,, =L,
NEF—XZkR, XY, There is argsm M such that M~ '(L,d) < L,d and M(L,d)
< L, d. Hence if L is any language with L,, < L < L,, then L, d = M~ '(Ld)
and L, is in F(L).

Proof. The basic idea is that M runs over w in ¥ “pinching out’’ subwords
in the regular set R,, and making sure that M(w) always ‘“‘climbs’ in steps of
exactly ¢. To this end, M stores u(w) in its finite state control as long as y(w) e T |
and |u(w)| < 2t. If yw)eZ) , and u(w) = uv, where |u| =t and [v| =t + 1, then
M outputs u, the first ¢t symbols of u(w), stores u(v) and continues computing
w(vz) for new input z. If u(w) = wE;,w' e Z¥ ., M outputs E;, forgets w’, and com-
putes u(z) for further input z; the justification for this action is that if the output
from or input to M to date lies in Init L,, then M has produced as output an
occurrence of a; to match E;, and E; “‘jumps over” and cancels w’ in between. If
u(w) = w'a;, then M will either output a “garbage’ symbol ¢ for w’ # e or output
a; for w = e. Observe that since e¢ R, ,, eisin L, ,, so R, itself will be mapped
intode L, d.

Since the construction of M is fairly clean, we give it in full. The state set of
M is

{(STOPY} U {<udll < lul < 2t,ueZ¥, )
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with initial state (e} ; the input vocabularyisZ, U {d} and the output vocabulary,
2, U {c,d}. The transitions of M are given below, in notation explained in
Definition 2.6.

For 1 £ i < n, state (u):

(Kua;),e), [ul <2t — 1,
(W)= {(<va> u), u=uv, =1 =t
Ku'>,e), u=ua,
Kuy, a) - {(Ke>,ay), u=e,
((STOP), ¢), u=ua, k+#i
(5.E) {« HUE).€),  WE)ETE .,
(Ke>, E) otherwise,
> d) — {((STOP} ,d), u=-e,
({STOP), ¢), u#e,

((STOPY, b) — ((STOP, ¢), allbex, U {d}.

We leave to the reader the detailed verification that M~ '(L,d) < L,d and

M(L d) < L, d. The points to make are that for ueX, , w, zeX}k, if ((e),w)

= (Kuy, z) and either w or z is in Init L,, then p(w) = ,u(zu), and that M gives
output in Z*  only in blocks of exactly ¢t symbols. []

LEMMA32 Letp=1,n=2L<X*andec, ¢,anddbesymbolsnotm2 Uz,.
Let L = {¢x¢wgzc|xze Ith weL} U {¢x¢wezd|xze L,, weL}. If L is in
Bn+ 1.4+ 1> then either L, is in U Wk Or LisinG, . ,.

Proof. We can clearly assume L # . Suppose L = L(D) for a deterministic
finite delay Q, , , .+, machine D with endmarker $. Consider the behavior of D
on input in ¢X*. If D never uses pds symbol 4, , before reading the second ¢,
we let w, be any member of L and construct a deterministic finite delay Q,-machine
D, as follows. Machine D, receives input in ¢Z*{c,d}, and imitates D until it
reads c or d. When it reads either ¢ or d, it imitates D on ¢w,¢c$ or ¢w,¢d$, respec-
tively. Since |wo| + 4 is finite, and D is finite delay, D, can remember any further
pds additions in its finite state control. Hence L(D,) = ¢L,d U ¢ Init L c€%,, so
L,e U,%,, by Lemma 3.1 and the fact that €, and U, %, , are AFDL’s [14].

So now we let D use pds symbol A4, at least once before the second ¢.
Suppose that xy € Init L, the pds contents of D is «; 4, after reading ¢x with
o, e I'}¥, and that D does not erase 4, , during the scan of y.

First suppose that for some such x and y and every w in L, D does not erase
this first 4,,, ; during the subsequent scan of ¢w¢. This means that D has at most
k additional instances of 4, , ; on its pds during any time in its scan of ¢gw¢. Hence
we can build a deterministic finite delay Q, . ; ,-machine D, to accept cLc. The
machine D, starts out by storing in its finite state control the pds and state of D
after reading ¢xy. Then it simulates D on input ¢w¢, we £*; during this time it
does not touch the pds ““bottom” stored in its finite state control. Finally, when
D, sees its endmarker, it simulates D on c$, accepting when D accepts. Since
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xyelnit L,, L(D,) = ¢L¢ €%, - Because AFDL’s are closed under derivatives,
Lisin%,, .

Thus if L is not in 6, , ,, whenever the pds of D contains A4, , after the scan
of a member of Init L,, there is some w,, in L such that D erases 4, ; during the
scan of ¢w¢.

We want to show that in this case, D cannot do much work after using 4, , ;,
since A4, , is erased by ¢wq¢, and D only sees subwords with v small. To do so, we
notice that D can be imitated by a deterministic pda with some extra states for
“jumping”’. Hence we can appeal to a strong form of Ogden’s lemma for deter-
ministic context-free languages obtained by a careful scrutiny of the proof of [27].

Essentially, the result is as follows. There is an integer mg, = 2 with these
properties. Suppose x'ywz is in L(D), the pds contents after reading x’ is a4, and
this A4 is not erased during the scan of y but is erased during the scan of w. Further,
let |yl = my and z # e # w. If any m,, or more places in y are distinguished, then
one of two situations obtains.

I. Wehavey = y,y,y;,w = w,w,ws3, y,, ¥, and y; all contain distinguished
positions but no more than m, lie within y,y;, and x'y,y5y,w,whw4z’ is in L(D)
for all | = 0 and for all z’ and w} such that x'yw,w,w3z € L(D); further, D does
not erase A while scanning y,y%y; .

II. We have y = y,y,y,y4ys where y; and either y, and y, or y, and y;
contain distinguished positions but no more than mg lie within y,y,y,, and
X'y1y5y3y4y'sw'z € L(D) for all | = 0 and for all y5, w’ and z’ with X'y, y,y;y,ysw'z’
€ L(D); further, D does not erase A during the scan of y,y,ysY.

In our application, we let x’ be ¢x, and A = 4,,,, w be ¢wy¢ and let
z = z,d €Z;d where ¢x deposits pds contents &, 4, ; A, is not erased during
the scan of y but is erased during the scan of ¢wy¢, and z, e X¥* _ is such that

v
xyz, € L,. We want to show that |u(u)| < m, for any subword u of y.

First suppose that y = u,;Bu,Byu; -+ B+, for m 2 my, B,, - -, B,
€X, . and u(B,u, --- B,) = B, --- B,,; that is, y has a subword with y ““positive”
(inZ} ,) and of size m, or greater. Thenu,, ---,u,eL,.Lety' = u;B,u, --- B,,.

Since D does not erase A4, during the scan of y’, it does erase it during ¢wq¢
for some wy € L. Let z; e £ _ be such that xy'z, € L,, call the B; distinguished,
and apply Ogden’s lemma to ¢xy'¢w¢z,d € L(D).

If case I obtains, y' = y,y,y;, ¢we¢ = w,w,w;, where y,,y, and y; all
contain B;’s and ¢xy,y,y,w,whw;z,d € L(D) for all | 2 0. So xy,y3y;z, € L,.
Butz, isinX* _,and y, and y, lie within the B;, so [u(y4)| = I, and y;z, does not
contain any E, which can “‘jump” over y} . This is a contradiction of the definition
of L,.

So we must have case II. In this case, y' = y,y,V3V4Vs, V1, Y, and y; contain
Bj’s lor ly3, Y4 and y; contain Bjs :dnd ¢xy1y’2y3yfty’5§tw0¢zlde L(D} and
Xy1¥2Y3Vayszy € L, for all | =2 0 and y§s with xy,y,y,y,y5z, in L,. In particular,
we can have ysz; € £y _. Now ysz, contains some a, canceled by an g, = B; in
y, or y,, and so u(xy,y;y5z,) # e, a contradiction.

Thus y cannot have a subword u with u(u)eZ¥ . and |u(u)| Z m,. Suppose
y has a subword u with |u(u)| = m,, thatis,y =u,Bu, --+ By, ,u=B,u, --- B,,
u(u) =B, --- B,,,m Zmy,and B, ---, B,,€X,. Let y' = u,u. Again, D does not
erase A,,; during y’ but does so during some ¢wo¢, wo € L, and we call the B;
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distinguished and apply Ogden’s lemma to ¢xy'¢w.¢z,d € L(D), where xy'z, € L,
and z, €X¥ _. In case I, we have y' = y,y,y;, y;, ), and y; contain B;’s and, as
before, xy,y3y;z, € L,. Now if y, contains B;eX, - UZ,, (ie., B; is an g, or
E)and ! = |xy,| + 1, then B; is not canceled within y,y,, and so u(xy,y;) ¢Z¥ .,
a contradiction. Suppose this does not occur. Then y, has a B; = a, which is not
canceled or “‘jumped” within y,y’. Now y, may contain an E, which can ‘‘jump”
over y,. In this case we notice that Ogden’s lemma also tells us that 4, , is not
erased during the scan of y,)5. Further, y” = y,y% will contain a subword v
with u(v)e X% ;. and |u(v)] > m,. So we obtain a contradiction by applying our
previous argument to ¢xy”.

Finally, in case II we arrive at y' = y,y,y3V4Vs, VsZ €S} _, XV V4V3VaVsz,
€ L, for all | = 0 and either y,, y, and y; or y; and y, contain B;’s. Further, D
does not erase 4, , during the scan of y, ¥4y, )", . Running through all possibilities,
we either directly contradict the definition of L, (e.g., if y, contains a B; in
X,- UZ,. and y, contains a B;) or have a subword v with p(v)eXZ*, and
|u@)| = myin y,y5° orin y,y5° (e.g,ify, hasa B;inX, , andnoB;inX,  UZ,,
orif y, hasa B;inX, _ UZ, ) and obtain a contradiction using our previous
argument.

Now there is an integer s, such that if |y| > s,, and y is in!' Sub (L,) and
lu(y') < t for each subword )" of y, then y contains a subword v in L, with
v(v) < tand |v| = 2t (e.g., s, = 4t3). Let t = m,,.

Now we know that if D places 4, on its pds and then reads y in ¥, all
before reading the second ¢ or erasing A4,, ,, either the input to date is not in
¢ Init L, or |u(y’)| < t for each subword )’ or y, and either |y| < s, or y contains
a subword in R, ,. So either D will erase 4,.,, in a “‘short” time (before reading
5,4+ inputs), or it encounters a member of R,, .

We construct a deterministic finite delay Q,-machine D, to imitate D as
follows. Let w, be any member of L. D reads input in ¢X* {c, d}. First D, simulates
D as long as D does not use 4, ; on its pds. If D, reads ¢ or d without using 4, |,
it concludes by imitating D on ¢wy¢c$ or ¢wy¢d$ as D, did. However, if D puts
A, . in its pds, Dy*remembers A4, , in its finite state control. Then D, continues
the simulation of D wholly within its finite state control until either (i) it has read
s, + 1 input symbols in X , (ii) before s, + 1 inputs in X, occur, D erases through
A, ., or (iii) before s, + 1 input§ in £, occur, ¢ or d occurs as input. In case (i),
D, simply blocks in the knowledge that either it has left ¢ Init L, or else it has
encountered a subword in R, ,. In case (ii), D; can now resume the direct simula-
tion of D as before, since now D has pds contents in I'}. In case (iii), D; now
concludes by simulating D on ¢wy¢c$ or ¢w¢d$ as discussed before; in all cases,
this is what D, does on encountering input c or d.

Notice that the only blocking situation in D5 not in D is in case (i) above,
which always occurs before the occurrence of ¢ or d. Hence there is some language
L' = I} such that L(D;) = ¢L'd U ¢ Init L'c. Since D, always rejects or blocks if
D does, we certainly have L' < L, . If D5 blocks and D does not, we have (i) above
and know a subword in R, , has been encountered. Hence L, , = L’ where L, ,
is defined in Lemma A.

"1 Sub (L) = {y|3x,z,xyze L}.
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By Lemma 3.1, since L(D3)€%,, ¢L'€ U, b, so L'e U, %,,. But U, %,,
is an AFDL [14],s0 by Lemma A, L, isin U, %,,, 0O
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POLYNOMIALS WITH RATIONAL COEFFICIENTS WHICH
ARE HARD TO COMPUTE*
VOLKER STRASSEN{

Abstract. We present specific polynomials in C[x] with algebraic or rational coefficients which
are hard to compute (even though arbitrary complex numbers are allowed as inputs for the com-
putation). Examples are: Y4 _ >/2°x%, ¥4 22°x?. We also show that the minimum number of
arithmetic operations to compute polynomials in C[x] is itselfl computable. Finally, we study com-
putational complexity in finite-dimensional algebras over an algebraically closed field.

Key words. concrete complexity, polynomial evaluation, rational coefficients, trade-off

1. Introduction. Motzkin [5] and Belaga [1] have shown that the computation
(evaluation) of polynomials a;x? + -+ + o, € C[x] using infinite-precision arith-
metic “in general” requires d additions/subtractions and d/2 multiplications,
even if arbitrary auxiliary complex numbers can be used without extra cost (the
choice of these numbers—as well as the whole computation—will of course
depend on the polynomial o;x* + - - + o, i.€., on its coefficients ; in the literature,
one therefore often speaks of the possibility of ““preconditioning” the coefficients,
or of the “‘preconditioning model”; in the terminology of [10], one is simply deal-
ing with computations in C[x] considered as a ring over C U {x}). “In general”
may here be interpreted in two ways:

1. the quoted lower bounds hold for all polynomials of degree d except for
a set of Lebesgue measure 0;

2. they hold for all polynomials with algebraically independent coefficients
(over the rationals).

Since arbitrary polynomials in C[x] of degree d may in fact be computed
with 3d/2 + 2 arithmetical operations (see again Motzkin [5], Belaga [1]), the
first interpretation gives rather precise information on the typical computational
complexity of polynomials of degree d. On the other hand, if one is interested in
the complexity of specific polynomials, the second interpretation applies, and the
information is much less complete: most polynomials occurring in mathematics
or in applications have rational or algebraic coefficients. For such polynomials,
so far only the trivial lower bound log, d is available.

In the present paper we derive lower bounds for the computational com-
plexity of polynomials with rational or algebraic coefficients. Here are a few
examples: let § be a computation (for definitions and notation, see [10]) that
computes ,

92042 5

5
in the field C(x) over C U {x} (i.e., f may use division and may fetch arbitrary
complex numbers). Then either f contains at least d — 4 additions/subtractions
and at least (d/2) — 2 multiplications/divisions, or the total number of arithmetic
operations in f is ridiculously large, namely >d?/log, d (Cor. 2.12). Thus in view

* Received by the editors January 17, 1973, and in final revised form September 21, 1973.
T A first version of this paper was written at the Matematisk Institut, University of Aarhus,
Denmark, during the summer 1970. Now at Universitat Ziirich, Ziirich, Switzerland.
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of the results of Motzkin and Belaga, the above polynomial is practically as hard
to compute as one with algebraically independent coefficients. The intuitive
reason for this is, of course, the tremendous growth rate of the coefficient sequence.
If we moderate this growth rate, we obtain weaker lower bounds. For example:
the total number of arithmetic operations needed for computing

d
22°x0
ag'o

is at least \/d/(3 log d) for large d (Cor. 2.11). By contrast, Y 4 _ | 2°x? can obviously
be computed with O(log d) operations.

Polynomials with fast growing integer coeflicients occur as initial segments
of generating functions in combinatorial mathematics. A slightly different ex-
ample of a polynomial of complexity at least \/d/logd is

d

i/|26
Z eZm/Z xé'
=0

Concerning the proofs, we remark that already the investigations of Motzkin
and Belaga imply the existence of a polynomial in d + 1 indeterminates
P(yo, -+, ya) # O such that if P(a, - - -, o) # 0, then a;x? + --- + a, is hard to
compute (roughly speaking). It seems very difficult to actually exhibit such a
polynomial P. We show, however, with the help of the Dirichlet-Siegel pigeon-
hole principle, that polynomials P exist which have moderate degree and integer
coefficients of absolute value <3. Even such fragmentary information yields the
abovementioned lower bounds for the complexity of specific polynomials.

So far we have talked about the results of § 2 of this paper. Before turning to
§ 3, let us discuss a somewhat different question in a slightly more general con-
text. Let k be an algebraically closed field, x,, x,, - - -, x, indeterminates over k.
We interpret k(x) = k(x,, ---, x,) as a field over k U {x,, ---, x,} (see [10]). Let
z be an integer-valued proper operation-time (cost function) for the type of k(x),
which is strictly positive on +, —, *, /. The computational complexity L is a
function from the set of finite subsets of k(x) to N = {0,1,2, ---} (intuitively,
L(F) is the minimal amount of time that is sufficient to evaluate the set of rational
functions F on a computer with a single processor when it takes z(w) units of
time to perform the operation w; for details see [10]). We would like to know if
L itself is computable. In other words: is it possible to decide if L(F) = ¢ for finite
subsets F of k(x) and t e N?

We treat this question in more detail, even though the rest of the paper is
logically independent of the following discussion. First we encode the elements
of k(x) into finite sequences over k: we represent rational functions as pairs of
polynomials (this representation is not unique since we do not require that the
polynomials are relatively prime; further, only pairs whose ‘‘denominator-
polynomial” is not zero represent rational functions). Let t, be a large natural
number. If t < ¢, then in investigating the problem “L(F) < t?” we can restrict
our consideration to rational functions which allow a representation by poly-

2’°+n+1)

nomials of degree <2%. We represent such polynomials by the ( 1
n
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n+1

M/2 coordinates are not all zero corresponds to a rational function f

Now we construct for every (t,r)e N? with —max {z(+), z(—), z(*), z(/)}
St =tyaformula o (¢,, -, ¢,) of the elementary theory of fields (the ¢,’s
stand for pairwise distinct M-tuples of free variables) such that

Vi<ty, Vr Vf,---,fekM,
[('=k‘£/t,r(f1a ’f;))é(fla ai:-are defined and L({fl’ ’f;}) é t)]

tuples of their coefficients. For M = 2. (210 tn+ 1) , every fe kM whose last

(1.1)

We do this by induction on (¢, r) with respect to the lexicographical ordering:
tr¢15”'a¢ =0=0 1f0§t§t0’ r:O,
APy, ) =0#£0 ift <0,

and for0 <t < t,,r > 0:

"th,r(d)l”"ad)r):E W Jj;rd)nl’” ¢nr)

7 permutation
of {1,-++,r}

where
Ay b)) =
VNG, =1 + 0y A Ay syair(brs s e, W15 1)
V(= lzl — Vo Ny s Brs s bW 2)
Vb =1 %P0 Ay spia(Prs s G 1 03))
Ve, = Wl/'//z Nyopeer @1, G, W1, W)
(@r=x,V -V =x,V const) A, (¢, -, )

Here the qbp, ¥, always stand for pairwise distinct M-tuples of logical variables.

The eXpreSSIOUS “4’ = Wl + '//2, ¢, = W1 Wza ¢, =, * ‘//2a ¢ =V, /‘//2,
¢, = X , @, const.”” are abbreviations of formulas of the elementary theory of
fields; the exact (and obvious) definition of these formulas is left to the reader.
These formulas should also state that the rational functions are defined and that
in the case of division, the denominator does not vanish.

In order to prove (1.1), one shows first by induction on (¢, r) (for t < t,)

Vi, o, fekM,

(.= k'jgl,r(fla T 5fr) =>f17 e ’j: are deﬁned’ and L({fl’ e ’ﬂ‘}) é t)’
and then by L-induction (see [10]) on the set variable F,

Vi<ty, Vr Vf, -, f.ekM,
(fla""ﬁ‘aredeﬁnedandF:{fla""ﬁ} andL(F)ét:':k'jjt,r(flaafr))

We apply quantifier-elimination to the formulas < (¢,, - -, ¢,) (in the theory
of algebraically closed fields; see [9]). This procedure assigns a quantifier-free
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formula %, ,(¢,, ---, ¢,) to every (t,r) with t < t, such that — (o, < %,,) and
therefore

Vi he kM= (frs o L) BB )

Therefore (1.1) remains valid if we replace </, , by 4, , . Since quantifier-elimination
and the construction of &, (¢,, -- -, ¢,) are effective procedures, the function

(tar)"_"%t,r(¢la ) ¢r)

is computable. Hence if we can decide if a rational expression in f, ---, f,e kM
vanishes, then we can check for =4, f,, - - - , f,)and hencefor L({f;, ---, f,}) S ¢

(if the £, - - - , f, are originally given as quotients of polynomials of some degree
7, then choose t, = max {t,log, y}).
In particular, this is the case for k = C if the coordinates of f,, - -, f, are

elements of Q. The computational complexity over C(x) of a system of rational
functions with rational coefficients is therefore a computable function of these
coefficients. If we encode finite subsets F of Q(x) by means of the reduced quotient
representation of rational functions bijectively by natural numbers (F), then L
induces a number theoretic function. This function is recursive.

Of course, the situation is completely different if we replace the computational
complexity over C(x) by the complexity over Q(x). Problem: is the diophantine
relation

(12) {(<F>a t):LO(x)(F) § t}

recursive?

In the discussion above, we can obviously replace the algebraically closed field

k by a real closed field. Further, we can use the depth T instead of L (see [10]).

We can also weaken the assumptions about z (e.g., we can allow z to assume values

in @Q:Q-valued operation times with finite range can always be changed to

integer-valued operation times by multiplication with a natural number). Finally,

we can interpret k(x) as a k-field over {x,, ---, x,} and choose, e.g., z = 1, .

Statement (1.1) with %,, instead of <, implies that the set {(f, --,f,):

L{fi, - ,f.) £t} < kM is constructible in the sense of algebraic geometry

(see [6]). In § 3 we prove an analogous statement (Thm. 3.1), without using logic,

by means of algebraic geometry; we apply the theorem of Chevalley ([6, p. 97])

instead of quantifier-elimination (which we could have used as well). The situation

in § 3 differs from the previous discussion as follows:

1. Division is not allowed, hence k(x) simplifies to k[x].

2. k[x] is replaced by k[x]/(x,, - -+, x)™. (x,, - - -, x,)™ denotes the ideal which is
generated by the monomials of degree M (since M can be chosen to be
arbitrarily large, this does not restrict generality).

3. Besides k[x]/(x,,---, x,)™, arbitrary finite-dimensional k-rings A are con-
sidered (which do not have to be commutative nor associative); these rings
are interpreted as k-rings over a given system of generators.

4. The operation time is z = 1,,.

The encoding of A does not create difficulties: A is a finite dimensional k-
vector space and therefore an affine space in the sense of algebraic geometry.



132 VOLKER STRASSEN

After showing that the set
{(al9 Tt ar):L({al’ ] ar}) = t} c A

is constructible for every r,t, it is desirable to close the set in the sense of the
Zariski topology. We define a new function L from the set of finite subsets of A
to N such that

(13){(01, >ar):L({al"" >ar}) é t} = {(al"" 9ar):L({al>'” 9ar}) é t}

(overlining denotes closure). If we disregard the difference between (a,, -, a,)
and {a,,---,a,}, then L is the largest Zariski-lower-semicontinuous function
=<L. Analogously we define L(F mod E) in terms of L(F mod E) (see [10]) by
forming the closure with respect to F. L(- mod -) has again the formal properties
of L, i.e, L is a relative L-bound (Thm. 3.4). Theorem 3.5 is a general analogue
of Theorem 1 of Paterson-Stockmeyer [7].

L is more manageable than L: e.g., the knowledge of L is equivalent to the
knowledge of the formulas %, (¢,, - -, ¢,) or the constructible sets defined by
them, whereas L is known if the much simpler closed sets (1.3) or the corres-
ponding polynomial ideals are known. We will denote these polynomial ideals
by J,(¢).

In analogy with § 2, we show in § 3 that for k = C, the ideal J,(t) contains a
nonzero form of relatively small degree with integer coefficients which have
absolute value <3. This yields, e.g., the following lower bounds: if we interpret
C[x] as a C-ring over {x}, then for large d,

d
e 1
(14) L(* Z e2mil2 x&) > _d1/3,
6=0 2
d 1
(1.5) L(* Y 2%x0| > =d'B,
0=0 2
and
d 3
(1.6) L(* Y 22“"‘xﬁ) > Jd -3
0=0

(see Corollary 3.7).

The lower bound (1.6) is of optimal order as follows from Paterson—Stock-
meyer [7, Thm. 4]. The existence of polynomials of degree d with integer co-
efficients which require at least \/c—i nonscalar multiplications for their com-
putation is already proved in that paper (7, Thm. 1].

The emphasis of § 3 is on general developments. The language is therefore
more abstract than in §2. A reader who is mostly interested in concrete results
may skip Theorems 3.3, 3.4 and 3.5 without logical loss.

The most interesting open problems in the present context are perhaps (i) to
exhibit a ‘‘reasonable” polynomial with coefficients 0 or 1 which is hard to
compute, (ii) to derive nontrivial lower bounds for the complexity of initial seg-
ments of the classical power series, e.g, Y (x?/8).

This paper assumes knowledge of [10]. In § 3 we also use notions and theorems
of algebraic geometry (see [6, Chap. 1]).
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We denote finite sequences (a,, - - -, a,) by a, Im a stands for {a,, -, a,}.
8(A) is the set of finite subsets of 4. N, N, Z, @ and C stand for the set of positive
natural numbers, nonnegative natural numbers, integers, rational numbers and
complex numbers, respectively. Let x be a real number ; exp (x) stands for e*, |x |
is the greatest integer <x, [x] is the least integer =x. If f and g are number-
theoretic functions, then ** f(d) < g(d) for d - oo’ means that for every ¢ > 0,
finally f(d) < (1 + €)g(d). The abbreviation log always stands for log,.

2. Construction of polynomials over Q which are hard to compute (counting
all operations). We start with preliminaries.

DErINITION 2.1. The height of a polynomial with integer coefficients is the
maximum of the absolute values of the coefficients. The weight of such a poly-
nomial is the sum of the absolute values of the coefficients.

The weight is subadditive and submultiplicative.

LeEMMA 2.2 (pigeonhole lemma). Let N > M. M linear forms €Z[B,, ---, By],
each of weight <G, have a common nontrivial zero <b,, --- , by> € Z" such that

b < [GM®M ) 4 2
for all i.
Proof. See Schneider [8, p. 140].
LEMMA 23. Let m=1, c 22, f=4 and q = 5 be natural numbers, let
Zy, -, Zy be indeterminates over Z and let

Py, PeZlzy, -, z,]
be such that
degree P, < c, weight P, < f
for all k. If g is a natural number such that
(2.1 g " 2> c"¢log f,

then there is a nontrivial form He Z[y,, ---, y,] of degree g and height <3 such
that
H(Py,---, P) =0.

Proof. To show: there are integers b;, ... ; (notall = O)such that|b; ..;| < 3

Jig
and

(22) Z bil,"‘,iqPill ce P;q == 0

i1+ tig=g
First we replace the b;, ..., ’s by indeterminates B;, ...; and consider

Q:= ) B,.,Pi - PseZB,1].

i teetig=g
Evidently,
degree,Q = gc,
and
g+4q-— 1)

weight Q < fg(
qg—1
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If we write Q as a polynomial in z, -+, z,,, then the coeflicients are linear forms

+qg—1 ¢+
£rd ) . There are at most (g
q—1 m

says that the b;, ... ; ’s are common zeros of these. The pigeonhole lemma implies
the existence of a nontrivial zero bi,,...;, with [b;, _..; | < 3 if

(g+q—1) (gc+m)
>

qg—1 m
and

— (gct"m) gtq—1 gc+m
23) (fg(ng ! 1)) < "),
qg—1

The first inequality follows from the second one. The assumptions about m, c, ¢
and g = 2 (because of (2.1)) imply

")

€Z[B], of weight < fs( m) such forms. (2.2)

S (g + 1

and
a1 +q-1
I S R
q q—1
Suppose now that (2.3) is false. Then
(fggq)(gc)"'ﬂ > g/t _ (go" —1,

and therefore

((go)™ + g(log f + q) = (g)r - (go)" -1,

which can be written as
q—1
(0" + Digllogf + ) + 1) 2 (‘3’-) .
This implies (note that g = 2,¢ = 2,logf = 2,q = 5)
g\
(go)"gqlog f = (6—1) .

This inequality contradicts (2.1).

Let k be a field; k[[x]] is the ring of formal power series in x interpreted as a
ring with division by units over k U {x}. Therefore k[[x]] has the type
Q={+,—,%/} Uk U {x}.

LEMMA 2.4. Let f§ be a Q-computation whose execution in k[[x]] yields the
sequence (a,, - - - , a;) of intermediate results. Assume
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Let L(+|f) = u, L(*|p) = vy, L(/|B) = v,. Put v = v, + v, and m = min {u, 2v}.
Then there are polynomials
PiJEZ[ZI’ Y Zm]
(1=<igL1Z6 < o0)suchthat
max degree Py < (u + 1)2°'(d”> + 3d*>"! + .-+ + 3d + 2)

(24) 1=0=d
é (u + 1)2U‘+1dvl,

(25) weight Pi& é 3(u+ 1)2v1(dv2+-+1) _ 1 é 2(u+ 1)2v1 +1gv2
1<6=d

A

for 1 i< 1,d =S5, and there are y,, -, ym, A; € k such that A; # 0 and

AiPis(y1s s V) = s

for1 <isLé=1

Proof. First we prove the lemma with 2v instead of m by induction on [
arranging A; = 1 for all i. The initial step of the induction is obvious (empty com-
putation). Let f = (f,, ---, B)). By the induction hypothesis, there are P,; for
1<i<!l-1,1=<0 < oo, having the desired properties.

If w, € k, then we set P,; = 0 for all 4.

If w, = x, then we set P,;, = 1 and P; = O for 6 > 1.

If B, = (£,1,)), then we set Py = P;; + Pj;.

If B, = (*,1,j), then we define the P;’s by

(Zzu—l + Z Pz, -, Zzu—z)xa) (22,, + Z Pis(zy, o0, zzl,_Z)x‘s

621 621

)
= Zyp-122, T Z Piylzy, -+, 23,)X°.
=1

Further, we set y,,_, = a;0, ¥5, = ®jo.
If B, = (/,i,j) then we define the P,;’s by

/(l/zzu + Y Pylzy, - »Zzu—z)zé)

o1

(Zzu—l + Z Pz, -, Zzu—z)x‘s

621

(2.6)

5
=2y,1Z3, + 2, Pulzy, o, 2%
5=1

The P;’s are integer polynomials because of

1 ag
2.7 it TP =125, Y (—zZD Y Pj&x") .

]
joX 620 521

6021
Further, we set y,,_; = a;9, 72, = 1/ajo.
It is not difficult to see that the P,’s have the desired properties; we only
show how to estimate degree and weight in the case of division. (2.6) and (2.7)
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imply

d a-1 a d
(z2v—l + Zl Pi‘;x")zzv Y ( Z3v Z x) + 220—1220(‘22:; ) Pj‘,x")
5=1

o= =0

d

a
= Z,,-1Z3, + 9, Pex®(mod x
a=1

d+1)‘

The bound for the degree follows immediately. If Y a_ , weight Py, <t — 1 and

4_, weight P;; <t — 1 for some ¢ > 3, then

d d
( Y. weight P,‘,) +1= weight(zzv_lzzv + > P,‘,x")
o

=1 =1
d—-1 td+1
StYy rr+1°< + 1< 3,
=0 t—1

The induction step for the weight follows. We now prove the lemma with u instead
of m. For simplicity, we assume that a; # O for all i (it should not cause any prob-
lems for the reader to drop this assumption). Then every a; can be written as

a;= Y ax®, o #0.

020

We construct not only the polynomials P,; for 6 = 1, but also polynomials P,
with integer coefficients such that (2.4) and (2.5) are satlsﬁed with max, ;<4 and
Zo< s<a- We also achieve that

Pi0="‘= i,&,-—1=0’ Pm,~=1-

Obviously, this forces 4; = a;5,. The proof goes again by induction on /.
If w,ek — {0}, then we set P,, = 1 and P,; = 0 for 6 > 0.
If w, = x, then we set P, = 1 and P,; = 0 for J # 1.
If B, = (%, 1,J), then we define the P;’s by

Y Pyx® Y 5x—Zwa.

620 620

If B, = (/,1,j), then we define the P;’s by
Y. Pyx? Z Pix’ = Z Pyx?.

020
Since a; is a unit, we have a;, # 0 and hence P;, = 1. Therefore the P;’s have
integer coefficients.
If B, = (+, i,j) then we distinguish 3 cases.
Case 1.6; = 6; = J,. We define the P;’s by
Z (21 Zu X0+ (1 — z,) Z Pilzy, -, Z,-1)x°

a>0 620

= 2 Pylzy, o, z)x0.

620
Then P,; = 0 for 6 < ¢, and P;;, = 1. Furthermore, we set

Yu = i, /(s + 0js)

(the denominator is = a5, and therefore #0).
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Case 2. 6; = 0;< 0;. Then o5, = —aj; . We set P; = 0 for 6 < §,, P, = 1,
and define the remaining P,;’s by
z, ¥, Pex® —z, Y Pigx’ =Y Pux’.
>0 >0 0>9;
Furthermore, we set y, = a5, /o5,
Case 3.9; # d;,say 6; < 0;. Then 6, = 6;. We define the P;;’s by
Y Px’ 4z, Y Pipx® =Y Pux’.
520 620 520

Again P =0 for 6 < 6, and P, = 1. Furthermore, we set y, = o, /o;5,. The
case f§; = (—,1,j) is treated analogously. The proof that the P,;’s possess the
desired properties goes along the lines of the first part of this proof.

THEOREM 2.5. Let ff compute

d
a= )Y ax’, oeEk,
=0

in k(x) interpreted as a field over k U {x}. Let L(+|f) = u > 0, L(*/|f) = v > 0,

m=min {u,2v}, s=u+v.

Let q 2 5, and let 6,, -+, 8, be pairwise distinct natural numbers <d. If g is a
natural number such that
(2.8) gt > A g,

then there is a nontrivial form He Z[y,, --- , y,] of degree g and height <3 such
that

H(abl, T aéq) =0.!

Proof. We can assume without loss of generality that § is executable and
that k has infinite degree of transcendence over its prime field. Let (a,, ---, a)
be the sequence of results of f, a; € k(x). In order to simplify the argument, we
assume a = a,. Let 0 € k be transcendental over «,, - - -, o, and be different from
the zeros and poles of the nontrivial a;. Then we can develop each a; as a formal
power series in x — 0:

a; = ), aulx — 0.

520

For a; # 0 we have a;, # 0. If we interpret the ring k[[x — 6]] of formal power
series as a ring with division by units over k U {x}, then f is executable in this
ring and has the sequence(a,, - - -, a;) of results. Therefore we can apply Lemma 2.4
(with x — 0 instead of x). Lemma 2.4 implies the existence of polynomials
Py,---,PeZz, - ,z,)and y,, - -, y,,, A€ k with 1 # 0 such that

i})K(’yl, Tt ym) = al&,c’

degree P, < 2(u + 1)d” < d&°,

weight P, < 23w+ hdv < od

! Obviously the theorem will only be relevant for ¢ > m + 2.
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(the right inequalities follow fromd = g = Sandu = 1). If weset ¢ = d5, f = 2%
then by (2.8),

g " 2> c"gllogf.
By Lemma 2.3, there is a nontrivial form He Z[y,, ---, y,] of degree g and height
<3 such that
}“}n,"'9IZ)=:O9
and therefore
0= H(x,, -, oc,,,q)

u 0 6—9o u o o—0
=H 2: 5 aée l’...’JE; 5 aﬁ) a) .
1 =0q q

Jd=91

The constant term of this polynomial in 6 is H(os,, - -, & ). Since 6 is transcen-
dental over o, - -+, o, we conclude

b q,
H(o,, -+, a5) = 0.
LEMMA 2.6. Let char k ¢ {2,3}, k, = prime field of k, t,,---,1,€k, and let g
be a natural number such that
lko(tys -5 T tko(Tys -5 Temy)] > &

for all k. Then there is no form He Z[y,, ---, y,], H # 0 of degree g and height
<3 such that

H(ty,---,1,)=0.

Proof. Assume there is such a form. Let A be the image of H under the
canonical homomorphism Z[y,, ---, y,] = ko[y;, -+, y,]. Since char k¢ {2, 3}
and height H < 3, H # 0. Choose x such that

H(Tl"",‘cmyx+1"" 9yq)=0’
but
ﬁ(rl"",rx—layxayx+1"”’yq) #0.

We interpret H(t,, - - -, Te—1> V> Vet 15 """ » Vg) @5 @ polynomial in y, ., -+, ¥,
with coefficients €ky(t,, - - -, T.— 1) V] Let Q be a nonvanishing coefficient. Then
QO(z,) = 0, and degree Q < degree H = g, and therefore

[ko(‘fl, ) TK): kO(Tl’ ) Tx—l)] =_<— g,
which is a contradiction.
COROLLARY 2.7. Let § compute

d
a= Y exp(2mi/2’)x°®
5=0
in the field C(x) over C U {x}. If we set L(+|p) = u, L(*/|B) = v, m = min {u, 20},
s=u+ v,then
s(m + 2) 2 d/logd

for d - co. In particular, s > \/d/logd for large d.
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Proof. Let
o5 = exp (2mi/2’),
q = |d/(logd)* + 3)},
0, = k([logd)®1 + 2), k=1,---,¢q,
g = 2[(logd)*1.
Then

2% -t forx > 1,
2011 fork =1,

[@(aéﬂ T ad,c): @(a619 Tt a&,cﬁl)} = {

which is >g for all k. Lemma 2.6 and Theorem 2.5 imply
gq~m—2 < ds(m+ l)qq.

The assertion follows by substituting.
COROLLARY 2.8. Let 8 compute

d
a= Y exp(2ni/2”)x’

0=0
in the field C(x) over C U {x}. Then for large d, either
m > d/5,
or
s > d?/(5logd).
(We use the notation of Corollary 2.7.)

Proof. Let
a; = exp (2mi/2%)
q = ld/4)]
8, = [(4xd?)'? ]
g =244,
Then
Since
0 — 93_, = 4kd® — (4(x — 1)d»)'P + 1)
24d* — 3d* —3d - 1
>d* —4d
and

03 —1>d* — 44,

139
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we infer
I, > g forallk.
Lemma 2.6 and Theorem 2.5 imply
g S g,
The assertion follows easily.
LemMa 2.9. (See Schneider [8, §5].) Let
Q= i oy’ € Z[y]
j=0
with 8, # 0 and
lo;| < he'™ forall j.
Then for any root 1€ C of Q,
[t] < (h + D).

Proof. If |1] £ ¢, then we have nothing to prove. Therefore assume || > c.

-1

ott=—Y o7
Jj=0

implies
-1 )
lkf < Y lojllel
j=0

< he' 3 (liey

< hel(ldl/e /((Iel/e) — 1),

which in turn implies the assertion.
LemmaA 2.10. Letty, -, 1,€2Z,q 2 5,and ge N, g = 3, with

[, > 4
and
[Tl > gt -8 forx > 1.

Then there is no form He Z[y,, ---, y,], H # 0, of degree g and height <3 such
that

H(ty, -+, 1) =0.
Proof. Assume there is such a form. Choose « such that
H(Th s T Vet 0 »yq) =0,
but

H(‘cl»"',Tx—l,yx9"',yq) # 0.
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We interpret H(ty, -+, Ty, x> ***» J,) as a polynomial in y, ., ---, y, with
coefficients in Z[y,]. Let Q be a nonvanishing coefficient. The coefficients of Q
are polynomials with integer coefficients in 7, ---, 7,_, of degree <g and of
height < 3. Therefore
3 ifk =1,
height 0 < +x—1
¢ 3(g )|r,c_1|x for k> 1.
k—1
Q(z,) is equal to zero. By Lemma 2.9 (with ¢ = 1, h = height Q), we infer
) 4 ifk =1,
It = height Q + 1 = .
|t |8 ifw>1.

This contradicts the assumptions about t,.
COROLLARY 2.11. Let 8 compute

d
a=y 22°x?

=0

in the field C(x) over C U {x}. We set u = L(+|f), v = L(*/|f), m = min {u, 2v},
s=u+ v. Then

s(m + 2) 2 d/(3logd)

for d — co. In particular, s > ./d/(3 logd) for large d.
Proof. Lete > 0,2, = 2*',q = |d/(1ogd)* 1,5, = kl(ogd) |,g = 141~ xd),
Then for large d,

Iaé,l > 47
los, | > lgots,_ [F (x> 1),
Lemma 2.10 and Theorem 2.5 imply
gq—m—z < ds(m+1)qq

Substitution yields s(m + 2) 2 (1 — ¢)d/logd. The assertion follows since ¢ may
be arbitrarily small.
COROLLARY 2.12. Let  compute

d
6d3
a=Y 2*7x°
5=0

in the field C(x) over C U {x}. Then for large d, either

m=d-—4
or

s > d?/logd.

(We used the notations of the preceding corollary).
Proof. Let ay = 22°“ 8, =k, q = d, g = 2%, Then for large d,

loey| > 4
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and
Iaxl > |qak—1|g (K > 1)

Lemma 2.10 and Theorem 2.5 imply

gq—m—2 S ds(m+ l)qq'
By substituting and taking logarithms, we get

d* — d* — dlogd < (slogd + d* — d?)(m + 2).

If s £ d*/logd, thenm = d — 4.

If we do not permit divisions, then the proofs are simpler and the results
somewhat sharper. If one is only interested in s, ie., in L(1]x), then one can
eliminate all but one division by computing with unreduced numerators and
denominators and executing one division at the end of the computation.

The proof of Theorem 2.5 shows that one can replace d by max, J, in (2.8).
This implies that every lower bound for the computational complexity of a specific
polynomial a of degree d which is proved using Theorem 2.5 is equally valid for
all polynomials of higher degrees which have a as the initial segment of degree d.

F urthermore Theorem 2.5 is valid for the values of a polynomial a at the
points 8, -+, &, (instead of the coefficients ; , - -+, «; ) if one assumes o, = 0
and uses a stronger version of (2.8). This follows from the fact that Lemma 2.4
immediately implies a corresponding lemma for the values of the polynomials
Y4, o;x° at the arguments 1, - - -, d. Using this version of the lemma, one can
show, for example, that every polynomial which approximates the function
e®*~ 1 (the generating function of the number of partitions) at the points 1, --- , d
reasonably well has to be hard to compute.

3. The computation of polynomials when linear operations are free. In this
section, k, < k are fields, k,, is perfect and k is algebraically closed. Let x,, - -, x,
be indeterminates over k. The Galois group Gal(k/k,) operates on k[x]
= k[x,, -+, x,] as well as on k".

We need some definitions and facts about rationality.

R1. Let V be a Zariski-closed subset of k". V is called k,-closed (or defined
over k) if one of the following equivalent conditions is satisfied :

(i) the ideal of V is generated by polynomials belonging to k,[x];

(ii) V is the set of common zeros of polynomials belonging to ky[x];

(iif) V is stable with respect to Gal (k/k,), i.e.,

Vo e Gal (k/ko), oV = V.

Proof. (i) = (ii) => (iii) is trivial. For (iii) = (i), see [2, §§ 12, 14] or [4, p. 74].

R2. Let C be a constructible subset of k". We say that C is definéd over k, if
one of the following equivalent conditions is satisfied :

(i) C is a member of the Boolean algebra generated by the k,-closed sets;

(i) Vo e Gal (k/k,), oC = C.

Proof. (ii)= (i): Let C be constructible and invariant with respect to
Gal (k/k,). Let U be the largest subset of C which is open in C, i.e.,

U= U U.

U'eC _
U’openinC
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C and U are invariant, and therefore C — U is invariant. Hence U = C — (C — U)
belongs to the Boolean algebra generated by the ky-closed sets. It is therefore
sufficient to prove (i) for C — U instead of C. It is easy to prove that the maximal
dimension of the components of C — U is strictly smaller than the maximal
dimension of the components of C. We can therefore conclude by induction.

R3. Let V be a ky-closed, irreducible subset of k" and let e e V. Then

dim V = trdg,, ko(a)

(where trdg stands for transcendence degree).

Proof. Leta,, ---, a, be algebraically independent over k, and let J be the
ideal of V. It is sufficient to show that x;, + J, ---, x,, + J are algebraically
independent over k in k[x,, ---, x,]/J. Assume otherwise. Then there is a non-
trivial Pe k[x,, - -+, x,,] which is an element of J. Let P, - - -, P, be the different
polynomials which are generated by the application of the Galois group on P;
Q =[],., P;. Q is invariant under Gal (k/k,). Since k, is perfect, Q is a non-
trivial polynomial in ko[x,, -+, x,,] N J. In particular, Q(«,, - -, &,) = 0; this
contradicts the algebraic independence of a, - - -, a,, over k.

R4. Wesay a morphism k" — k™ is defined over k,, if it is given by polynomials
belonging to ko[x,, -+, x,].

It is clear how to apply these concepts to a finite-dimensional k-vector space
V if some basis is distinguished. If V is given as scalar extension of a k,-vector
space V,, V = V, ®,, k, then it is easy to prove that the definitions do not depend
on the basis chosen, if one restricts oneself to bases coming from V,: one says
that V possesses a k,-structure by virtue of the representation V =V ®, k.

Let A, be a p-dimensional k,-ring, i.e., a ky-ring (not necessarily commutative)
which has finite dimension p as a ky-vector space (the associative law is not
essential for the following). All computations will be done in

A = AO ®kok;

A is interpreted as a k-ring. We use the operation-time z = 1,,,. We can assume
that 4, is a subset of A. If we neglect the multiplication in A4, then A4 is a k-vector
space with k,-structure.

THEOREM 3.1. Let a=(a;,---,a,),b=(b,, - ,b), N=(s+t+ (s +t
+r) — s(s + 1). The set

C, 1) :={(a,b)e 4" x A°:L(Ima mod Imb) < ¢}
is the projection to A" x A® of the graph of the morphism
G A" — A5 x kN

defined over k. In particular, C, (t) is an irreducible constructible subset of A" x A*
defined over k. Also, for E € £(A),

C,i(t):={aeA :L(ImamodE) < t}
is irreducible and constructible, and

dimC, ;) < N.
If E€ 8(Ay), then C, (1) is defined over ki .
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Proof. Let(e;, - - -, e,) be a basis of the kq-vector space 4, and therefore also
a basis of the k-vector space A. Then

p
(3.1 ee; =y e, olek,.
=1

Further, let )’ (i=1,---,p,j=1,---,9,2%, 20, (=0,---,j— L, j=s+ 1,
co,s4+t)and 2 (i=0,---,s+¢, j=s+t+1,---,54+t+7r) be indeter-
minates over k. Then B = A ®, k[y, z] is a k[y, z]-ring. Again we can assume that
A is a subset of B. (e, - -+, e,) is then also a basis of the k[y, z]-module B, and
(3.1)is valid in B. We define a sequence f, - - - , fs+,4, Of elements of B (a “‘generic”’
sequence of intermediate results):

f0=1’
p .

fi= Y We forl £j<s,
i=1
ji—1 . j—1 .

fj=‘zoz(1'}fi‘zoz‘2'}fi fors +1 <j<s+t,
i= i=

and

s+t .

fi= Y &f fors+t+1<j<s+t+r.
i=0

We will write
Sstrsp = vil PQe,, PO ekly,z] forl <p <.
(3.1) implies
(3.2) PO e koly, z].
These polynomials define a morphism
G:A" — A5 x kY,

we interpret the y’s as coordinate variables of A° and the z’s as coordinate variables
of kM. In order to prove the first assertion of the theorem, we have to show: let
by, -, bse A with

)4
_ (i)
b; = ‘Zl njei-
P

Then
(33) L(ala”'aarmOdbl""abs)ét

if and only if there are (¥}, ($jek 0= i<j—1,s+1=Zj<s+1t) and
i=0-,s+tj=s+t+1,---,s+ t+r)such that

)4
a, =3 PYM,Qe,.
v=1
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In other words (by the definition of the P{’s): (3.3) is valid iff there are f;, ,, - - -,
fo+: € A such that f,, _ is the product of two k-linear combinations of 1,b,, - -+,
by, fix1s s fsse—y (1 =1 = 1) and such that a, is a k-linear combination of

1,by, -+, b, for1s -+ fixe (1 £ p £ r). This is easy to prove as follows: if (3.3)
is valid and if § computes a,, ---,a, modb,, -- -, byin A and L(*|f) = t, then let
fis1s ", fis, be the results of the computational steps f; with w; = * in the given

order. On the other hand, if there exist f,, ,, - - - , f;+, with the desired properties,
then (3.3) is a consequence of the transitivity theorem (using the trivial Lemma 2.1
of [11]). Therefore C, (t) is the projection of graph(¢) on A" x A4°. Hence C, (t)
is irreducible and constructible (by the theorem of Chevalley). (3.2) implies that
¢ is defined over kg ; hence graph(¢) is stable with respect to Gal (k/k,). Therefore
C, (t) is stable with respect to Gal(k/k,); ie., C, (t) is defined over k,. Let
Ee&(A),E = {b,,---, b} with b; = }'»_ %, Then C, ,(t) = {a:(a,b)e C, (1)}
is evidently the image of the morphism

(34) B, ):kN - A"

The remaining assertions follow.
DErINITION 3.2. A function

A(-mod -):6(4)* > N U {0}
is lower semicontinuous (in the first variable) if the set
{ac A" :A(Ima mod E) < ¢}

is Zariski-closed for all re N, E€ &(4) and t = 0.
THEOREM 3.3. If

A(-mod -):6(4)* > N U {0}
is monotonic in its first argument, then there is a function

M- mod-):6(4)* > N U {00}
such that

(3.5) {aeA":MImamodE) <t} = {ac A :(Imamod E) < t}

forallre N',E€é(A) and t = 0. X is the largest lower semicontinuous function < A.
Proof. We set

D,(t) := {aeA":A(lmamod E) < t}.

(3.5) is equivalent to

MIma mod E) = min {t:a € D,(t)}
for all a e A". We can use this line as definition of &, if we know that the right side
depends only on Im a. Therefore it is sufficient to show:

(al’ ) ar)eDr(t):(anli ) anr)EDr(t)

for arbitrary permutations =,
(al [ ) ar)eDr(t) = (ala ) ar’ar)eDr+1(t)’

(@,---,a)eDt)=(a,, -, a,_,)eD,_ ().
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The three implications follow from the observation that the set of ae A", for
which the right sides are valid, is closed and contains D,(t). The remaining asser-
tions are trivial.

THEOREM 3.4. L(- mod -) is the largest lower semicontinuous relative L-bound.

Proof. Because of Theorem 3.3 and [10, Thm. 4.8] it suffices to show that L
is a relative L-bound.

Monotonicity. We only prove that it is monotonic in the first argument.

It suffices to show

(3.6) (ay,-,a)eC, gt)=(ay, -, a,_)eC_y ).
This follows from the fact that
{(al, Y ar):(ala Y ar——l)e Cr—-l,E(t)}

is closed and contains C, g(t).
Transitivity. First we show that L(- mod D) is an L-bound for the canonical
D-expansion of A. Since L(- mod D) is such an L-bound, the following is valid:

L(F U {wa} mod D) £ L(F U Im a mod D) + z(w)

foracdomw,we{0,1,+, —,*} Uk UD.ForF={f,,---,f},a=(ay, -, ay),
this means

(fla e ’fnal’ ) as)e Cr+s,D(t) =>(f1’ e ,f,,a)a)e Cr+1,D(t + Z((J)))
for all t. Evidently w:A4° — A is a morphism. Therefore,
{(fla tee ,fr,al, Y as):(fl, Tt xf;)wa)e (:r+1,D("L + Z((J)))}
is a closed set containing C, . 5(t) and hence containing C, , y(t). This means
(fl s>ttt ’fr>al LI as)e Cr+s,D(t) :(f1> t ,f,,coa)e Cr+1,D(t + Z((J))),
or in other words,
L(F UImamodD) < t = L(F U {wa} mod D) < ¢ + z(w).
Since this is valid for all ¢, we infer
L(F U {wa} mod D) < I(F U Ima mod D) + z(w).

Therefore L(- mod D) is an L-bound mod D. To prove transitivity we can assume
u := L(E mod D) < oo without loss of generality. Then

L(F U Emod D) — u
(fixed E, D) is also an L-bound mod E U D ; hence
L(F U Emod D) — u £ L(F mod E U D).
This means (F = {f;, -+, f,}, E = {by, -+, by})

(f1> ,fr)ecr,EuD(t) =>(f1’ e ’fr’bla T bs)ecr+s,D(t + u)-
Obviously

{(fla ’.fr):(fl’ ’fr>b1’ ’bs)ecr+s,D(t + u)}
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is a closed set containing C, g, p(t) and therefore C, g, p(t). This means

oo )€ Crpon( = (fis o frabrs oo, b) € Gy plt + 1)
and thus
L(FmodEUD)<t=LF UEmodD) <t + u.
Since this is valid for all ¢, we can infer
L(F U Emod D) £ L(F mod E U D) + L(E mod D).

Normalization. Since L( - mod D) is an L-bound for the canonical D-expansion
of A, we have (putting D = Im a)

L(wa mod Im a) < L(Im a mod Im a) + z(w) = z(w).

THEOREM 3.5. Let ac A", be A°. If (e, - - -, e,) is a ky-basis of A, and there-
fore a k-basis of A, and if

with o) € k, then
L(Ima mod Imb) 2 (trdg,, ko(®)'* — (r + s).
Proof. Let
(3.7) L(Im a mod Imb) = ¢.

By Theorem 3.1, C, 1,,(t) is an irreducible subvariety of 4, such that

18 dimC, () S+t + D+t +r)—s(s+ 1)
5) S(t+r+s)2.

Theorem 3.1 also states that C, () is stable with respect to Gal (k/k,). Since
the elements o € Gal (k/ky) are continuous, C, ,,(t) is also stable. Therefore
C, 1mp(t) 18 ko-closed. (By 3.7)

ac Cr,lmb(t)'
Using R.3, we get
dim Cr,lm b(t) g trdgko kO(a)’

The assertion follows now from (3.8).
In the following, we assume k, = Q. Further, let (e, ---, e,) be a basis of
the k,y-vector space A, such that e, = 1 and

(3.9 olhez
(see (3.1)). We set

(3.10) A :=max ) |0t}
i g
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and assume A 2> 1. Further, let b =(b,,---,b)e A}, b; =" _ 1, with
1 eZ. We set

(3.11) y o= I

i,
and assume y = 1. Using the basis (e, - - -, e,), we can identify the affine space
A" with kP = k? x .-« x kP. If y;,---, y,, are its coordinate variables, then its

coordinate ring is the polynomial ring k[y,, ---, y,,]. Then C, j,,(t) is a closed
irreducible subvariety of k" ; we denote its ideal by J(t).

THEOREM 3.6. Let r,s 21, q =5, 1 £6,,---,0, < pr; let g be a natural
number such that
(3.12) gamHr O 5 QHr )Xt Dya 10 (A(y + 1)).
Then there exists a nontrivial form
HeJ@) N Zys,, - 5 ys,]
such that

height H < 3, degree H = g.

Proof. We use the proof of Theorem 3.1. By replacing the ) of that proof
by 71, we get polynomials P{(n,-) e Q[z]. The construction implies that these
polynomials are elements of Z{z]. If we set

P iypev = p([)V)(n")’

then by (3.4) the systems of values of P, , - - - , P,, form exactly theset C, ,,(t) = k"
An element H € Z[y;,, - - - , y;,] is therefore contained in J(t) if and only if

(3.13) H(P;,, -, P;)=0.

The construction of the polynomials P{(n,-) also yields (the proof goes by
induction on t) that

max degree P’(n,-) < 2'*' — 1

12vZp

and

p
Y weight POy, ) < 2s(i0+2)2-log 4 _ |
v=1

for all p. We can apply Lemma 2.3 with m = N,¢ = 2'*1, f = 2legGr+ 12t

Since (2.1) is a consequence of (3.12), there is a nontrivial form HeZ[y;, -, y; ]

of degree g and height <3 satisfying (3.13), i.e., H is an element of J(¢).
COROLLARY 3.7. Interpret C[x] as C-ring over {x}. Then for d — oo (for

large d, respectively)

d

(3.14) LY exp(27ti/2")x‘5) 2 d'3,
60=0
d

(3.15) LI+ Y 22"x") = d'3
=0

I~
*
M=~

(3.16)

22‘”3x") > \/2 -3.

&
1]

0
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Proof. Let ae C[x] be of degree d. Then
L¢(*l@) 2 Ly(*lamod &),

where A4 = C[x]/x**!C[x] is interpreted as a C-ring and ¢ is the residue class
of x. Furthermore,

A = (Qx)/x"*'Q[x]) ® oC.
Therefore we can apply Theorem 3.6 withp =d + 1,¢e; = &1,

1 fi+j—-1=1,
o =
ij — .
0 otherwise,

=1,s=1,b, =& y=1and r = 1. One concludes now as in the proofs of
Corollaries 2.7, 2.11 and 2.12.
In a similar way, Theorem 3.6 applies to polynomial rings in several variables.

Acknowledgments. Many thanks go to Walter Baur and to the referee for
their careful reading of the paper and their helpful remarks.
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AN ALGORITHM FOR THE COMPUTATION OF LINEAR FORMS*

JOHN E. SAVAGEft

Abstract. Many problems, including matrix-vector multiplication and polynomial evaluation,
involve the computation of linear forms. An algorithm is presented here which offers a substantial
improvement on the conventional algorithm for this problem when the coefficient set is small. In
particular, this implies that every polynomial of degree n with at most s distinct coefficients can be
realized with O(n/log n) operations. It is demonstrated that the algorithm is sharp for some problems.

Key words. algorithms, linear forms, matrix multiplication, polynomial evaluation

1. Introduction. How many operations are required to multiply a vector by
a known matrix or evaluate a known polynomial at one point? Such questions
are frequently asked, and Winograd [1] has shown the existence of real matrices
and polynomials (containing indeterminates over the rationals, for example) for
which the standard matrix-vector multiplication algorithm and Horner’s rule for
polynomial evaluation are optimal. That is, n* real multiplications and n(n — 1)
additions are required for some n x n matrices to multiply the matrix by an
n-vector, and n multiplications and n additions are required by some polynomials
of degree n to evaluate the polynomial. In this paper, we use an algorithm for the
computation of “‘linear forms” to show that the n x n matrix-vector multiplication
problem and the polynomial evaluation problem can be done with O(n?/log, (n))
and O(n/log,(n)) operations, respectively, when the matrix entries and the poly-
nomial coefficients are known and drawn from a set of size s (even when the
entries and coeflicients are variables). These results are obtained by exhibiting
potentially different algorithms for each matrix and each polynomial.

The algorithm presented here for the computation of ““linear forms™ is very
general and can be applied to many problems including matrix-matrix multi-
plication, the computation of sets of Boolean minterms, of sets of products over a
group, as well as the two problems mentioned above. Applications of this sort
are discussed in § 3.

We now define linear forms. Let S and T be sets and let R a “‘small” finite set
of cardinality |R| = s. Let -:R x S —» T be any map (call it multiplication) and
let +:T x T— T be any associative binary operation (call it addition). Then
the problem to be considered is the computation of the m linear forms in x,
Xay oy X,

iy Xy + Gz - Xy + 00+ Ay, - Xy, 1<i<m,

where g;;€ R and x;€ S. The elements in R shall be regarded as symbols which
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may be given any interpretation later. For example, in one interpretation, R
may be a finite subset of the reals and, in another, R may consist of s distinct
variables over a set Q, say.

An algorithm is given in the next section which for each m x n matrix of
coefficients 4 = {a;;} evaluates the set L,(x) = {Z;___l a;x|1 < i £ m} of linear
forms with O(mn/log, (m)) operations, when m is large where s = |R|. The con-
ventional direct evaluation of L,(x) involves mn multiplications and m(n — 1)
additions, so an improvement is seen when s is small relative to m.

Polynomial evaluation is examined in §4, and the algorithm for linear
forms is combined with a decomposition of a polynomial into a vector-matrix-
vector multiplication to show that every polynomial of degree n whose co-
efficients are taken from a set of s elements can be realized with about \/; s scalar
multiplications, 2\/ﬁ nonscalar multiplications and O(n/log,(n)) additions, when
n is large. The polynomial decomposition is similar to one used by Paterson and
Stockmeyer [2], and it achieves about the same number of nonscalar multi-
plications but uses fewer scalar multiplications and additions.

In §5, a simple counting argument is developed to show that the upper
bounds derived in earlier sections are sharp for matrix-vector multiplications by
“chains”, that is, straight-line algorithms.

2. The algorithm. The algorithms for computing L (x), where |R| = s, will
be given in terms of an algorithm 4 for the construction of all distinct linear
forms in y,,y,, -, ¥k, with coefficients from R. That is, # computes Lg(y),
where B is the s* x k matrix with s* distinct rows and entries from R. The algo-
rithm o for L ,(x) will use several versions of 4.

The algorithm % has two steps. Let R = {a,,a,, --+, a,}. Then:

Step 1. Formoa;-y;(1 i <s, 1 £j<k).

Step 2. Let S(iy, iy, -+, i) = 0 -y + 0y Yy + -+ 4 04,0 Y

(I=slsk1Zi;Ss)
Each element of Lg(y) is equal to S(iy,i,, -, i,) for some set {i,,i,, -, i} of
not necessarily distinct integers in {1,2,---,s}. Construct S(i;,i,, -, i) re-
cursively from

S(iy) = o, - 4
and
S(y,ig, -y i) = Sy, iz, o5 g} + % W

for2 <1<k

The first step uses nz = ks scalar multiplications. Let N(s, [} be the number
of additions to construct all linear forms S(i,,i,, ---, i;). Then from Step 2 it
follows that

N(s, 1) =0,

N(s,l) = N(s,] — 1) + 5.
From this we conclude that

NG, D=["" = Dis = D] — (s + 1

1+1

A
w

v
cch—
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for s 2 2 and | Z 2. Therefore, the number o of additions to form Lg(y) satisfies
Sk § og é Sk+ 1‘
Partition 4 into

A= [Bl BZ T Bp],
where B, ---, B,_,arem x k,B,ism x (n — (p — 1)k)and p = [n/k]. Similarly,
partitionx = y',y%, -+, yPwherey" = (X, - 1p41, > Xp)for1 <r < p — land

y? is suitably defined. It follows that
(*) Ax = Byy' + Byy* + -+ + B,y?,

where + denotes column vector addition.
The algorithm .« for L ,(x) has two steps:
Step 1. Construct Lg(y"), 1 £ r < p, using %, that is, identify the linear
forms corresponding to rows of B, and choose the appropriate forms
from those generated by % on y’.
Step 2. Construct L ,(x) by adding as per (*) above.
The number of multiplications used by </ is ©, = ns. The number of additions
used in Step 1 is no more than pog, and in Step 2 it is no more than m(p — 1).
Therefore, the number of additions used by .o/ satisfies

64 = ps** +mp — 1),

where p = [n/k]. Ignoring diophantine constraints and with k = log, (m/log, (m)),
we have the following.

THEOREM 1. For each m x n matrix A over a finite set R of cardinality |R| = s,
the m linear forms

Lx)={a; -x,+ - +a,x,:1 Li<m}

can be computed with n, = ns multiplications and o, < O(mn/log,(m)) additions
when m is large relative to s.
Proof. Ignoring diophantine constraints, we have
k+1
s + m
-

and s* = m/log,(m). Therefore,

nm

04 = w(l + &)1 — &),

where &, = s/log,(m) and ¢, = loglog,(m)/log,(m). If ¢, < 4, it is easily shown
that (1 — ¢,)7' < 1 + 2¢,. Also,
(I +e)d +2) =1+ 2e; + &)

if &, < 4, which holds for m = 16 when s = 2. It follows that
nm
og, (m)

where m = 16. Since ¢, and ¢, approach zero with increasing m, the conclusion
of the theorem follows. Q.E.D.

S o 2 + )
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When m » s, this result represents a distinct improvement over the con-
ventional algorithm for evaluating L ,(x), which uses mn scalar multiplications
and m(n — 1) additions. It should be noted that the reduction in the number of
additions by a factor of log, (m) obtained with algorithm .o/ follows directly from
a reduction by a factor of about k in algorithm 2. The obvious algorithm for
Lg(y) uses ks* additions, but # computes it with no more than s**! additions.

Although algorithm &/ (and %) was discovered independently by the author,
it does represent a generalization of an algorithm of Kronrod reported in
Arlazarov, et al. [3]. His result applies to the multiplication of two arbitrary
Boolean matrices. The heart of algorithm .o/ is algorithm 4, and this was known
to the author [4] in the context of the calculation of all Boolean minterms in n
variables. This will be discussed in the next section.

3. Applications. In the set L4(x) of linear forms, the elements a;; and x; are
uninterpreted, as are the operations of multiplication and addition. By attaching
suitable interpretations, it is seen that algorithm .o/ for linear forms has appli-
cations to many different problems.

Several problems to which algorithm o/ may be applied are now described.

3.1. Multiplication of a vector by a known matrix. Let R be a set of s variables
over S, R ={z,,z,,---, 24}, and let S = T = {reals}. Let + and - be addition
and multiplication on the reals. Then L, (x) represents multiplication of
X = (Xy,X,, -+, X,) by a known (but not fixed) matrix 4. That is,

Lx)={z, X; + 2z, X2+ -+ + 2, - X1 1 i S mj,

where the m x n matrix of indices {k;;} is fixed. For any given matrix {k;;}, L ,(x)
can be computed using ns real multiplications and O(mn/log, (m)) real additions.
Independent evaluation of the m forms requires a total of at least m(n — 1)
operations for any s, since each form consists of n functionally independent terms.
Special cases.
(i) z;, z,, -+, z, are assigned distinct real values;
(i) s = 2,z, = 0,z, = 1. Then L /(x) is a set of subset sums, such as

{x 4+ X3, X, + X3 + X,}

Note. Concerning (i), Winograd [1] has shown that there exist fixed real
(and unrestricted) m x n matrices and vectors x such that mn real multiplications
and m(n — 1) real addition are required for their computation with “straight-
line”” algorithms. Thus, a significant savings is possible if the matrix entries can
assume at most s distinct real values and s is small relative to m.

3.2. Matrix-matrix multiplication, 4X, 4 known. Let R and S be as above,
and let T be the p-fold Cartesian product Q”, Q = {reals}. Let - be conventional
scalar multiplication (consisting of p real multiplications), and let + be vector
addition on the reals (consisting of p real additions). Then, L, (x) represents
multiplication of the n x p matrix X over the reals by a known (but not fixed)
m x n matrix 4. That is,

Lx)={z, X+ 2z, Xy + -+ + 2, X0l i< m},

where X, denotes the Ith row of X and the m x n matrix of indices {k;;} is fixed.
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For any given matrix {k;;}, L4(x) can be computed using nps real multiplications
and O(mnp/log, (m)) real additions.

Note. When n = m = p, Strassen’s [5] algorithm for matrix-matrix multi-
plication can be used at the cost of at most (4.7)n'°827 binary operations. As a
consequence, Strassen’s algorithm is asymptotically superior to algorithm &/ for
this problem. However, when s = 2, algorithm o/ is the superior algorithm for
n < 10'°!! Moral: beware of arguments based upon asymptotics.

3.3. Boolean matrix multiplication. Let R = S = {0, 1}, T = {0, 1}”, let - be
Boolean vector conjunction and let + be Boolean vector disjunction. Then,
L ,(x) represents the multiplication of a known Boolean m x n matrix 4 by an
arbitrary Boolean n x p matrix X. That is,

Lyx)={a; X, +ap-X;+ -+ +a, X,:1 Si<mj,

where X, is the Ith row of the n x p matrix X. The algorithm for computing 4X
uses no multiplications and O(mnp/log, (m)) additions.

Note. If A is an arbitrary Boolean matrix and if the selection procedure of
Step 1 of algorithm 4 can be executed without cost, the algorithm of Kronrod [3]
results. The number of operations performed, exclusive of selection, equals that
given above. The Kronrod algorithm uses more operations because of a poor
choice of the parameter k.

3.4. Boolean minterms. Let R = S = T = {0, 1}, let + be Boolean con-
junction, and let - be defined by

X, a=1,
X =19 _
X, a=0,
where X denotes the Boolean inverse. Then, L (x) represents a set of minterms
such as
{X1x2x3, X1 X5X5, X X,X3}

Note. The set of all 2" distinct minterms, suitably ordered, represents a map
from the binary to positional representation of the integers {0, 1,2, ---, 2" — 1}.
This map can be realized with at most 2"*! conjunctions and is a map which is
useful in many constructions, such as in [4].

3.5. Products in a group G. Let R = {—1,0,1},S =T =G, leta-x = x*
(raise to a power), and let + be group multiplication. Then L ,(x) represents a
set of m products of n terms each. For example,

{ab™'cd™ ' b7 a"emd T}

is such a set, where x ™! is the group inverse of x and x° is the group identity which
is suppressed.

4. Polynomial evaluation. We turn next to the evaluation of polynomials of
degree n. Let

px)=ap,+a;-x' +a,- x>+ - +a,- x",
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where +, - represent vector addition and scalar multiplication and where x! = x,
x' = x*x'~1, and * represents vector multiplication. Let a;e R, x e T and

-:RxT-T,
+:TxT->T,
*:TxT—->T,

where + and * are associative and * distributes over +. We shall construct an
algorithm £ for polynomial evaluation which employs algorithm o7 for linear
forms.

Algorithm 2 has three steps. Without great loss of generality, let n = kIl — 1,
and assume that a = (aq,4a,, -, a,) has entries from a set of size s.

Step 1. Construct x2, x>, ---, x.

Step 2. Construct the k linear forms in 1, x, x2, ---, x' 7!

ro(x) Aoy« dj—y 1
2

ri(x) Qapyy - Ay X

Fr— (%) Ak—1)* " Q-1 LX1—

using algorithm o/

Step 3. Construct p(x) = ro(x) 4+ r;(x) * x' + - + ro_(x) * x*~ D' using
Horner’s rule.

Let o, denote the number of vector additions used by £, n, the number of
scalar multiplications and u, the number of vector multiplications. Since the
forms required in Step 1 can be realized with | — 1 vector multiplications and
Step 3 with k — 1 such multipications and k — 1 additions, we have

0, = O((n + l)/log,(k)) + k — 1,

n, =ls,

uy=1+k—2,
since kl = n + 1. If we ignore diophantine constraints and choose k = /(n + 1),
to minimize u,, we have the following.
THEOREM 2. For each a = (ag,a,, -+, a,)€ R""! with R a set of cardinality
IRl = s, p(x) = ag + a;x + --- + x,x" can be evaluated with o, vector additions,
n, scalar multiplications and p, vector multiplications, where

o, < O(n/log, (n)),
s/n+1,

2/n+1-=2,
when n is large relative to s.

Horner’s rule, which is the optimal procedure for evaluating an arbitrary
polynomial on the reals, uses n multiplications and n additions. Even when a
and x assume fixed real values, there exist vectors a and values x for which Horner’s

IA

T

lIA

p

Hp

IIA



156 J. E. SAVAGE

rule is still optimal [1]. When the coefficients are drawn from a set of size s, how-
ever, Horner’s rule can be improved upon by a significant factor when n is large
relative to s.

The decomposition of p(x) used by algorithm £ is very similar to that used
by Paterson and Stockmeyer [2] in their study of polynomials with rational co-
efficients. They have shown that O(ﬁ) vector multiplications are necessary and
sufficient for such polynomials, but their algorithms use O(n) additions. Algorithm
2 achieves 0(\/;) vector multiplications but requires only O(n/log, (n)) additions
when n is large relative to s. Clearly, algorithm £ can be applied to any problem
involving polynomial forms.

5. Some lower bounds. The purpose of this section is to demonstrate the
existence of problems for which the performance of algorithm .« can be improved
upon by at most a constant factor. To do this, we must carefully define the class
of algorithms which are permissible. Then we count the number of algorithms
using C or fewer operations and show that if C is not sufficiently large, not all
problems of a given type (such as matrix-vector multiplication) can be realized
with C or fewer operations.

A chain f is a sequence of steps fi,,f,, ---, B of two types, data steps, in
which Bie{y,, v, -+, ya} UKy ¢K,y; # y;,i # j and K = Q is a finite set of
constants), or computation steps, in which

ﬁizﬂjoﬂk’ ],k<l

and -:Q x Q — Q denotes an operation in a set Q.
Associated with each step B; of a chain is a function B; which is g; if §; is a
data step, and

Bi = O(Bj’Bk)

if f; is a computation step. Clearly, B;,- Q" — Q. A chain B is said to compute m
functions fy, f5, -+, fu, fi:Q" — Q if there exists a set of m steps B;, -, B
suchthat §, = f,1 <1< m

We now derive an upper bound on the number N(C, m, n) of sets of m functions
{fi, -+, fu} which can be realized by chains with C or fewer computation steps.

LEMMA. N(C,mn) S v*,v=C+n+m+|Kl +1ifC=|Q = 2.

Proof. A chain will have 1 < d < n + |K| data steps, and without loss of
generality, they may be chosen to precede computation steps. Similarly, the

. . . n+|K
order of their appearance is immaterial, so there are most ( dl I) < 2"kl

ways to arrange the d data steps.

Let the chain have t computation steps. Each step may correspond to at
most |[Q] operations, and each of the two operands may be one of at most ¢t + d
steps. Thus, there are at most |[Q(¢ + d)* ways to assign computation steps and
at most 2"*1X|QJ(t + d)* chains with d data steps and ¢ computation steps. A
set of m functions can be assigned in at most (¢ + d)™ ways.

Combining these results, we have that the number of distinct sets of m functions
which can be associated with chains which have C or fewer computation steps is
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at most

nt+|K| C

N(C,m,n) < Y Y 2"*IKIQ(t + d)>*™
d=1 t=1
< (n + |KDC2KIQIYC + n + |K]PEH.
But
(n + K27 K< (C + n 4 K|t IK

if C =22, and

Q€ < (C + n+ |K|)f
if C 2 |Q, from which it follows that
N(C,m,n) < (C + n + |K|)*CtntIKl+m+1
< U4v,

wherev=C+n+m+|K|+ 1. Q.ED.

In the interest of deriving a bound quickly, the counting arguments given
above are loose. Nevertheless, the bound can at best be improved to about v”.
As seen below, this means a loss of a factor of about 4 in the complexity bound.

Consider the computation of m subset sums of {x,, x,, ---, X,}, x; € {reals},
as defined in special case (ii) of § 3.1. In the chain defined above, let Q = {reals}
and let Q = {+, addition on the reals}. There are 2" distinct subset sums, and

n

the number of sets of m distinct subset sums is the binomial coefficient F =

Fix 0 <& < 1. If C, n and m are such that N(C,n,m) < F!7¢, then there ex'?sts
at least one set of m distinct subset sums which require C or more additions.

THEOREM 3. Algorithm of is sharp for some problems, that is, there exist prob-
lems, e.g., the computation of m subset sums over the reals, which require
O(mn/log, (m)) operations with any chain or ‘‘straight-line” algorithm, when
m = O(n).

Proof. Set v** = F'~¢, where v =C + n+ m + |[K| + 1. Then N(C,m,n)
< F'~¢ For large F, the solution for v is

v=>GInF'~%/In(A4F'"¥).

Since m = O(n), it can be shown from Stirling’s approximation to factorials and
an examination of the binomial coefficient F that In F is asymptotic to nm(ln s).
From this the conclusion follows. Q.E.D.

The counting argument given above could also be applied to matrix-vector
multiplication (§ 3.1) and to polynomial evaluation on the reals, as described in
§ 4, to show that the upper bounds given for these problems are also sharp.

6. Conclusions. The algorithm presented here for the evaluation of a set of
linear forms derives its importance from the minimal set of conditions required
of the two operations. In fact, the only condition required is that addition be
associative. As a consequence, the algorithm applies to a large class of apparently
disparate problems having in common the fact that they can be represented in
terms of linear forms of this general nature.
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The algorithm allows us to treat two important problems, matrix multi-
plication with a known matrix and polynomial evaluation with a known poly-
nomial. In both cases, an algorithm is constructed which depends explicitly on
the matrix entries and the polynomial coefficients. When the entry set of the
matrix or of the polynomial coefficients is fixed and the dimensions of either
problem are large, a sizable savings in the number of required computations is
obtained.

The generality of the algorithm for evaluation of linear forms suggests that
it may have application to many important problems not mentioned in this
paper.
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with Dr. Charles M. Fiduccia which resulted in the generalization and clari-
fication of the principal algorithm for linear forms.

REFERENCES

[1] S. WINOGRAD, On the number of multiplications necessary to compute certain functions, Comm.
Pure and Applied Math., 23 (1970), pp. 165-179.

[2] M. PATERSON AND L. STOCKMEYER, Bounds on the evaluation time for rational polynomials, Proc.
12th IEEE Symposium on Switching and Automata Theory, 1971, pp. 140-143.

[3] V. L. ARLAZAROV, E. A. DINIC, M. A. KRONROD AND 1. A. FARADZEV, On economical construction
of the transitive closure of an oriented graph, Soviet Math. Dokl., 11 (1970), pp. 1209-1210.

[4] J. E. SAVAGE, Computational work and time on finite machines, J. Assoc. Comput. Mach. (1972),
p. 673.

[5] V. STRASSEN, Gaussian elimination is not optimal, Numer. Math., 13 (1969), pp. 354-356.



SIAM J. CompurT.
Vol. 3, No. 3, September 1974

ANALYSIS OF A FEEDBACK SCHEDULER*

Y. S. CHUAt anp A. J. BERNSTEIN}

Abstract. A flexible feedback queueing model for a computer system is described. The model
consists of a single server and a queue into which jobs are inserted at positions which are functions
of their attained service. Special cases of the model include both the round robin and the first-come-
first-served disciplines, but a wide variety of other algorithms, having different performance character-
istics, can also be obtained. The model is analyzed using Markovian assumptions, and both the finite
quantum and processor sharing cases are considered. The relationship of the model to system over-
head is also treated.

Key words. scheduling, Markov analysis, feedback, queueing, time-sharing, partial round robin

1. Introduction. During the last decade a considerable amount of work has
been done in developing and analyzing queueing models for time-sharing systems
[8]. Figure 1 shows a general model which consists of a single server that is shared
by a number of customers. A newly arrived customer joins the queue and waits
for his turn to be served. The server follows some decision rules in selecting the
customer that is to be served next. In order to prevent customers requiring large
amounts of service from tying up the server and thus causing delays for other
customers with shorter service times, each customer is served for only a short
period of time (called a quantum) and is asked to rejoin the queue if the service
is not completed within the quantum. A customer thus alternates between waiting
and receiving service until he has accumulated the total amount of service he
requires.

FEEDBACK

ARRIVAL DEPARTURE
—_—> QUEUE

FI1G. 1. A general feedback queueing model

The set of rules for selecting the customer to-be served next is known as a
scheduling algorithm or a queueing discipline. A customer who is rejoining the
queue to await another quantum of service will be called a feedback.

The scheduling algorithm may be a function of one or more of the following :

1. Externally assigned priorities for the jobs.

2. Amount of service so far accumulated by the jobs.
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3. The waiting times of the jobs.

4. The order of arrival of the jobs.

Jobs arrive in a random manner, each job having a service time which is a
sample from some distribution function. In order to analyze a given queueing
model, the statistics describing the arrival process and the service time dis-
tribution are needed. The result of analysis is usually a function, W(t), giving the
average waiting time a job experiences as a function of its service time ¢. The
waiting time-for a job is defined as the total amount of time spent by a job waiting
in the queue excluding the time spent in receiving service. The sum of the waiting
time and the service time for a job is known as the average response time

(1) T@) = W() + t.

Many models have been developed and analyzed [8], some treating specific
models like the round robin scheduler [6], [7], and some providing multiple
parameter models like the FBy system [3].

In this report, we develop a multiple parameter queueing model which
covers a wide class of scheduling algorithms. The model bears a strong relation-
ship to the policy driven scheduling algorithm [2] since it involves inserting feed-
backs into the queue at positions which are a function of the service they have
received. The model is analyzed, yielding a response function. Some examples
are presented to illustrate the flexibility of the model. The processor-sharing
limit for a subclass of queueing disciplines is examined, and considerations
relating to swapping are discussed. A synthesis procedure for the discrete model
is described in [9]. This procedure determines a set of parameters for the model
so that the resulting scheduling algorithm achieves a specified average response
function.

2. The model. The model to be considered involves a single queue. The job
at the head of the queue receives one quantum of service. If it does not terminate,
it is returned to the queue at a position which depends on its attained service.
We make the following assumptions in order to facilitate the analysis. -

Assumption 1. Time is quantized into Q second intervals.

Assumption 2. The quantum size to be used by the server is equal to Q seconds,
the discrete time interval.

Assumption 3. At most, one new job can arrive at the end of a Q second interval
with probability 1,Q. This is the discrete time counterpart of the Poisson process.

Assumption 4. Each job requires exactly nQ seconds of service, where n is an
integer. The service time is a random variable which is independent of the arrival
process and is a sample from a geometric distribution. Thus the probability that
a new arrival requires n quanta is (1 — o)o" !, where o is the feedback probability
or the probability that a job that has just received a quantum of service does not
terminate.

Assumption 5. There will be no hold back, i.e., the server will not be idle as
long as there is work to be done.

Assumption 6. The system is in the steady state.
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Assumption 7. All overhead is negligible."
From Assumption 4, the average service time is given by

2 i =0/l — o).

Since the average arrival rate is A, jobs per second, it follows that the
utilization factor is
€) p = 4Q/(1 — a).

Only systems with p < 1 will be considered.

The model makes use of a single queue whose positions are numbered as
shown in Fig. 2. The head of the queue will be referred to as position 1 and will
always contain the job currently being served, if any.

AR I I B B 1__,©

FIG. 2. Labeling the positions in the queue

DErINITION. Jobs which have received exactly iQ seconds of service and
have not finished are said to be in group i until they have completed the next
quantum. A job that has just received iQ seconds of service and does not depart
is said to be joining group i.

To specify the scheduling algorithm, we associate with group i a position
in the queue denoted by 7;. A job joining group i will not be placed farther than
n; positions from the server. At the end of a Q second interval, the following
insertions may occur :

1. A feedback and an arrival.

2. A feedback alone.

3. An arrival alone.

The feedback will of course be joining a specific group i, i = 1, while the arrival
will be joining group 0. Consider the case where there is a feedback as well as
an arrival at the end of a Q second interval. If n; < 7y, then we shall insert the
two jobs in the following way. As soon as the job to be fed back leaves position 1,
all the jobs occupying positions k, where k < 7;, will be moved one position
closer to the server. The job that is joining group i will then be placed in position
H(i), where

H(i) = min {n;,n’ + 1}, i=1,

and n' is the total number of jobs currently in the queue (not including the feed-
back and the arrival). Following the insertion of the feedback, the arrival will
then be placed in position H(0), where

H(0) = min {7y, n" + 2}.

'1t is possible to include in the quantum size, Q, a fixed amount of overhead, known as a set
up time [10], without disturbing the analysis.
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In the process, jobs that are in position k, where k = n,, will be moved one
position backward to make room for the arrival. If n; > 7y, then the order of
insertion will be reversed :

H(0) = min {ny,n" + 1}
and
H(i) = min {n;, n + 2}, i1,

where #' is now interpreted as the number of jobs in the queue as seen by the
first job to be inserted. In order to avoid ambiguity, we exclude algorithms in
which ny = =n; for some i > 0.

Consider the case where there is only one job to be inserted at the end of a
Q second interval. Such a job may be an arrival or a feedback. Assuming that
this job is joining group i, then all the jobs occupying positions k < x; will be
moved one position forward followed by the insertion of the tagged job in
position H(i), where

H(i) = min {m;,n’ + 1}, i=0.

In any case, a job that finishes at the end of a Q second interval will be ejected
from the system immediately and will not be included in the determination of n'.
Note that the algorithm follows neither the early arrival nor the late arrival rules
as defined by Kleinrock [6], but rather a mixture of the two. For a job that is
joining group i, where m; < m,, the late arrival rule applies (i.e., the feedback is
inserted before the new arrival); for jobs joining group i, where m; > ng, the
early arrival rule applies (i.e., the new arrival is inserted before the feedback).
Note also that due to the fact that jobs may be inserted in the queue, some jobs
may move forward one position ; some may remain in their original positions for
another Q second interval, while others may move one position backward. A
scheduling algorithm is completely specified by the sequence {ny,7,,7,, -},
where 7; is an integer indicating a position in the queue. Although, since p < 1,
the queue is not expected to reach an infinite size, we allow oo as an acceptable
value for 7;, indicating an insertion point at the end of the queue. For the purpose
of precisely specifying some scheduling algorithms, we introduce the notation
oo~ to differentiate between two possible insertion points at the end of the queue.
Thus if n; = o0 and n; = oo™, then n; > 7;. The usage of o and oo~ will be
illustrated in the following examples.

Example 1. First-come-first-served scheduling (FCFS) can be specified by
setting my = oo and n; = 1, i = 1. This simply means that all new arrivals join
the end of the queue, while subsequent feedbacks will go to position 1.

Example 2. The late-arrival round robin scheduling system is specified by
setting mp = 00 and 7m; = 00, i = 1. Arrivals as well as feedbacks are required
to join the end of the queue. However, since n; < 7y, i = 1, a feedback (if any) is
allowed to join the end of the queue before an arrival.

The early-arrival round robin scheduling system is obtained by setting
g =00 and w; = 00,1 = 1.

Example 3. The algorithm obtained by setting 7, = oo and =n; = k (where k
is finite), i =2 1, is intermediate between the FCFS and the round robin (RR)
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schedulers. We shall refer to this as the partial round robin (PRR) scheduler. Up
to a maximum of k jobs are allowed to receive service in a round robin fashion;
other jobs wait on a FCFS basis until one of the k jobs terminates, at which time
the job at the head of the waiting line (i.e., position k + 1) will join the k — 1
jobs already in service.

Example 4. 1t is possible to vary the quantum size to some integral multiple
of Q by specifying some successive values of 7; to be 1. For instance, we may have
a simple RR scheduler which has a varying quantum size depending on the
number of passes a job has made through the queue. During the first pass, the
server gives the job one quantum of service ; during the nth pass, n quanta. The
sequence 7 is given by

o, i=0,
=<0, i=1,3,6,10,15,...,
1, i=2,4,5,7,8,9,11,12,13,14, ---.

Example 5. As it is the purpose of time-sharing systems to provide faster
service for short jobs at the expense of longer ones, a reasonable scheduling
algorithm is specified by assigning to 7; a monotonically increasing integer
function of i, e.g.,

n = a+ bi + ci?,
where a, b and c are positive integers.

3. Analysis. In order to analyze the model, it is necessary to study the be-
havior of jobs in the system, i.e., the variation of the number of jobs in the system
and the movement of jobs in the queue. Since service time is geometrically dis-
tributed, the variation of the number of jobs in the system does not depend on
the scheduling algorithm (due to the memoryless property of the geometric
distribution). However, depending on when the system is observed, we have
different probabilities of finding n jobs in the system. If the system is observed in
the middle of every Q second interval, the probability of finding »n jobs in the
system is [6]

1—-p, n=0,

4 "(n) = _
4 Pm=1-p,
g

, n>0,

where « = po/(1 — 4,Q). The expected number of jobs in the system is given by
o) E'(n) = p(1 — 2,0)/(1 — p).

Let F be the set whose elements are the integers i such that n; < m,. Let 4; denote
the average rate at which jobs join group i, i = 0. 4., the rate at which jobs join
group 0, is known. Out of the 4, jobs that arrive every second, only those re-
quiring more than iQ seconds of service will ultimately join group i. Thus, the
average rate at which jobs enter group i is given by

=2 Y (1—0)0"!

n=i+1
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or
(6) )'i = ).00'!..

The probability of a feedback into group i, given that the system is busy, is 1,0/p.
It can be verified that

© j«oQai_
i=1 P

We will denote the probability of a feedback into group i, where i€ F, by f. It
follows that

™

.

® f =y 200
iecF P

DEFINITION. P,(n) = Prob (at the time a new arrival is inserted in the queue
there are n jobs in the system).

DEFINITION. P;(n) = Prob (at the time a feedback into group i is inserted
in the queue there are n jobs in the system).

There will be n jobs in the system as seen by an arrival if during the Q second
interval just before the arrival there were n jobs in the system and the job receiving
service (if any) is fed back to group i, i€ F, at the end of the Q second interval.
The arrival will also see n jobs in the system if there were n + 1 jobs during the
previous Q second interval and the job in service terminates or is fed back to
group i, i ¢ F, at the end of the quantum. Thus

P’ - ' =0,
o) P = { O + (1 = NP, n=0
fP(n)+ (1 — f)P'(n+ 1), n> 0.

In order to determine P;(n), we make a simplifying assumption that the
queue length at each pass is independent of the queue lengths of previous passes.>
The probability of a feedback seeing n jobs in the system will depend on i, the
number of the group that the job is joining. If i€ F, then an arrival does not
affect the number of jobs seen by the feedback. On the other hand, if i ¢ F, then
the arrival must be taken into account in determining P;(n).

P'(n + 1)/p, ieF, n=0,
(10)  Pp(n) =< (1 = 4,0Q)P'(1)/p, i¢F, n=0,
(I — A,Q)P'(n + 1)/p + A,QP'(n)/p, i¢F, n>0.

2 This approximation is made so that the analysis of the model remains manageable. Another
approach would be to adapt the analysis used by Kleinrock [5]. Here the average value of the queue
size on the ith pass is determined as a function of its value on the previous pass. This approach, how-
ever, does not take into account the probability distribution of the queue size on each pass (cf. (9),
(10)) which is important for the model under consideration in this report since jobs are not neces-
sarily fed back to the end of the queue. A more exact model would take into account both the depéndence
of queue sizes in successive passes and the distribution function for the queue size at each pass. Analysis
of such a model would be extremely complicated, however.
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DEFINITION. P,(i, j) = Prob (a job entering group i is inserted into position j
under Algorithm A).* Using (9) and (10), we find that

P — 1), i=0, j<m,
Y P(m), i=0, j=mn,
m=1[o—1
(11 Pyi.j) =3 Pr(j — 1), i>0, j<m,
Z Pf,(m), l > 0, j = 72:,-,
m=m;—1
0, i20, j>m.

DEFINITION. ¢; = average time required for a job placed in position j to reach
the server.

DEFINITION. w; = average time required for a job joining group i to receive
the next quantum of service.

Given t; and P,(i,j), w; and the response function under Algorithm A,
T,(nQ), can be calculated using the relations

(12) W= 3 4P + Q.
13) T,00) = % .

To solve for t;, we consider the random walk shown in Fig. 3. State j in
Fig. 3 denotes position j in the queue. The transition period is Q seconds and the
transition probabilities are defined as follows:

a; = Prob (a job currently at position j will advance to position j — 1 at the

end of the current Q second interval);

r; = Prob (a job currently at position j will remain in position j at the end

of the current Q second interval);

b; = Prob (a job currently at position j will back up to position j + 1 at

the end of the current Q second interval).

' s r, 1
a,;
i+ 1
a; a
J 4 as,
a
¢ o o 2
LI I
b.
J bj—l by b,

FIG. 3. Random walk model for the movement of jobs in the queue

Given a queueing discipline in the form of a sequence 7, we can calculate the
transition probabilities a;, r; and b;. Let 7/ and /" be sets satisfying

n = {iln; <j,i# 0}; = {iln; £j,i # 0}.

3 Algorithm A is an arbitrary scheduling algorithm specified by a sequence {n,,n;,7,,...}.
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Thus 7/ contains the indices of feedback points other than m,, which are less
than j (ie., in front of position j) and '’ is the union of n/ and the set of indices
of feedback points that have value equal to j. Note that 7/ and 7’ may be empty.
The transition probabilities are given by

(14) j={1—gj’ 7.5021'>1,

1 =201 —gy), J>mno;

8> T >j>1,
(15) rp=1< (1 = 4Q)g;, Jj = o,

(1 = 4Q)g; + 2Q( = hy),  j>mo;
(16) bij=1-a;—r; j>1,
where

ioQai j.oQO'i
g. = Z _—, h = Z ——
! iend P ! ieni P
The mean time to absorption starting at state j in Fig. 3 is exactly the average
time required for a job placed in position j to reach the server. The following
system of equations [9] describes the situation:

0, j= 17
Q+rjtj+bjtj+1+ajtj_1, ]>1.

Equation (17) is an infinite set of equations which has no general solution since
we have only one boundary condition, t; = 0. We shall impose restrictions on
the sequence 7 so as to obtain special subclasses of queueing disciplines character-
ized by solvable sets of equations for ¢;.

4. Queueing disciplines with t, = oo.

DEFINITION. A unidirectional random walk (URW) is an absorbing random
walk on the integers 1,2, 3, - - - which satisfies the following conditions:

1. State 1 is absorbing.

2.a;>0andb; =0,j > 1.

Consider the subclass of queueing disciplines in which all new arrivals are
required to join the end of the queue, ie., Ty = 0. In this case, it is impossible
for a job to move backwards (i.e., b; = 0). Furthermore, a; > 0 for all j since the
probability of having a feedback in front of j is less than unity. This subclass of
queueing disciplines can therefore be modeled by a URW. Thus, the system of
equations (17) reduces to the following:

0, j=1,
Q+ritj+at;_y, j>1.

Solving for ¢; using r; + a; = 1, we obtain
i1

b
m=2 Om

j>1.
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Scheduling algorithms that can be modeled by a URW include the round
robin, FCFS and the partial round robin schedulers. Analysis of each of these
will be presented.

4.1. Round robin. Consider the late-arrival RR algorithm (RRLA). Since
arrivals as well as feedbacks are required to join the end of the queue, it follows
that a; = 1,j > 1. Thus

(20) G=0G-1DQ, j>1.
Because of the late-arrival assumption, it follows from (4), (9), (10) and (11) that
(21) Prrealis)) = (1 — ()2 120, j=1.
Substituting (20) and (21) into (12), we obtain
22 w=2 1o iz
1—p
The response function is given by
po
(23) Trrea(nQ) = nQ =, + 1}, n=0.
Consider now the early arrival system (RREA); ¢ is still given by (20). How-
ever,
(I = p)A + po) . .
- 1 A A = O’ = 1’
-0 = !
1—p .
o o, i=0, j>1,
(24) Prrealisj) = 4
1 —p, i>0, j=1,
l—paf‘l, i>0, j>1
o
Consequently,
2
(25) w; = 1 -
___Qp(l :pOQ) +0, i> 0.

The response function is

Qplpg + (n — (1 — 4,Q))
1 —p

4.2. First-come-first-served. A job at position j in the FCFS system will

move to positionj — 1 at the end of the current Q second interval with probability

1 — o (ie., the probability that the job being served terminates after receiving
the quantum). Therefore

(26) Trrea(nQ) =

+ nQ, n>0.

aj=1—-0, j>1; ri=a, j>1.
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Using (19), we obtain
27) =00 -l —0), j>L1
From (4), (9), (10) and (11), it follows that

(1 —opi™t, i=0, j=1,

(28) Preps(ij) =< 1, i>0, j=1,
0, i>0, j>1.
Therefore
Qpo .
T /4 N + Qa 1= 07
(29) w; =41 —0a)1 —p)
Q. i>0.

The response function is given by

Qpa
(1 —o)(1 —p)
4.3. Partial round robin. In the PRR system, a job that is in any of the first
k positions moves forward one position at the end of a quantum with probability
1, and one that is in position j, j > k, will move forward one position at the end
of a quantum with probability 1 — ¢. Thus

(30) Trcrs(nQ) = + nQ.

1, 1<j<k, 0, 1<j<k,
a. = . rj= .
1-o, j>k; o, j>k.
Solving for t;, we get
(j—DQ, 1<j=k,
(3D =9 (j =K .
e Y 3
Also,
1 -t i=0, j=1,
1= oo/t i>0, 1<j<k,
(32) Pegr(i,)) =¢ 2 ,
o Y (—apd, >0, j=k,
j=k=1
L0, i>0, j>k.

Substituting (31) and (32) into (12), we obtain
k

2 U= 1O — o)/t

j=1

+ Z Q——k+k—1)(1~—a)oc’1+Q, i=0,

Jj=k+1

k
Z(J—IQ(I—a)a’ !

+k-10 5 (1—api+ o0, i> 0.

m=k—1
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Solving for the response function and simplifying, we get

Qa* 1 — ok
(34) Ti:.RR(nQ) = (l—m + nQ (——M) s n> 0.

It can be verified that as k approaches infinity, Tpge(nQ) approaches
TrrLa(mQ). For values of k between 1 and oo, we have a family of scheduling
algorithms having the combined characteristics of the FCFS and the RR systems.
An attractive feature of the PRR algorithm is its ability to control the amount of
swapping in a time-shared system. If the RR algorithm is employed in a system
in which the number of jobs exceeds the capacity of the core, then a swap must
occur after each quantum. Overheads can be reduced by employing a PRR system
with k equal to the number of jobs that can reside in core simultaneously. In this
case, once a job is brought into core, it will not be swapped out until it terminates.

4.4. Comparison. Comparing the FCFS and the RR systems, Kleinrock [6]
observed that jobs requiring less than the average amount of service get faster
response in the RR system, while those requiring more than the average amount
of service get faster service in the FCFS system. The crossover point is /(1 — ),
the average service time. By substituting 1/(1 — a) for n in (34), it can be shown
that a job requiring the average service time will experience the same amount of
waiting time regardless of the value of k. Jobs requiring less than the average
service time get better response as k increases. We may regard k as a measure of
the degree to which shorter jobs are favored at the expense of longer jobs. Typical
plots of response functions for the FCFS, RRLA, RREA and PRR systems are
shown in Fig. 4. The plots are actually discrete functions but are shown as con-
tinuous for illustrative purposes.

RESPONSE
Y pa
— % (: D e o

§CE2

&

RREA
&
Q.

SERVICE

FI1G. 4. Response functions of the RREA, RRLA, PRR and FCFS
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5. Queueing disciplines with a finite number of feedback positions and
n, < ©. In this section, queueing disciplines with a finite number of distinct
feedback positions will be considered. By a finite number of feedback positions
we mean that although the sequence = is infinite, its elements are taken from a
finite set of positive integers. Under this constraint, it is possible to relax the
restriction my, = oo. Let ¢ = {¢, ¢, 5, -+, dn}, Where ¢; is chosen from the
set of positive integers including co and co~. Furthermore, let the sequence ¢
satisfy 0 < ¢p; < ¢, < -+ < Ppy_1 < dpy < 0. Let ¢’ be the largest finite
element of ¢. A queueing discipline with N distinct feedback positions can be
specified by a finite sequence ¢ and an infinite sequence =, the indices of which
may be decomposed into N mutually exclusive subsets S;, k = 1,2, --- , N, where
S = {ilm = ¢}

Figure 5 shows the random walk model for the subclass of algorithms that
we are considering. In general, the transition probabilities for states j, where
Jj = ¢',aredifferent. Since ¢’ is the maximum finite feedback position, the transition
probabilities for the states j, where j > ¢’, are identical.

o +K Torst Tor

7'3 "z l
by b,

K
b ¢’ +K b ¢+ 1 b¢’
FI1G. 5. Random walk model for the movement of jobs in a queueing discipline with a finite number
of feedback positions

In order to solve for t;, we split the random walk in Fig. 5 into two parts.
A finite random walk is shown in Fig. 6. It contains states 1 through ¢’ of the
original chain plus a new reflecting state D. Note that D is entered from state ¢’
with probability by and thus the transition probabilities of all states j, where
Jj = ¢, of the original chain are preserved. State D represents the infinite portion
of the original chain which has been omitted and the number of times it is entered
will be equal to the number of times the omitted portion would have been entered
in the original chain. We shall refer to the chain shown in Fig. 6 as the F-chain.

9% rs ry 1

o bs 2
FIG. 6. The F-chain

An infinite chain is shown in Fig. 7 which contains states ¢’ + 1, ¢' + 2, - --
of the original chain plus a new absorbing state D'. The average time to absorption,
starting in state ¢’ + 1, will be equal to the average time to go from state ¢’ + 1
to state ¢’ in the original chain. We shall refer to the chain in Fig. 7 as the I-chain.

The I-chain is a random walk on the integers ¢’ + i,i = 1, satisfying a; = a,
;=rand b; = b for j > ¢'. Note that since p < 1, a job inserted in the queue
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FiG. 7. The I-chain

must ultimately reach the server, implying that a > b. Under this constraint, it
follows from [9] that the mean time to absorption, starting in state ¢’ + k, is

(35) Mytrp = kQ/(a — b).

Using finite Markov chain theory [5] it is possible to analyze the F-chain
and, in particular, to calculate the average number of times state D is visited before
absorption, given an arbitrary starting state. From (35) it follows that starting in
state ¢’ + 1 of the I-chain, it will take an average time of Q/(a — b) seconds
before absorption in state D’ (i.e., before reaching state ¢’ of the F-chain). This
gives the average amount of time spent in state D for each visit.

Let P be the transition matrix for the F-chain, where P = {p;;} and p;; is the
probability of being in state j after the next transition given that the current state
is i. It follows that

1 0 0 O 0

a, r, b, 0 0

a; ry bs 0

(36) P=|0 0 a, r, 0
0 0 0 O © Gy Ty by

0 0 0 O 0o 1 0

Let G be the ¢’ x ¢’ matrix obtained from (36) by deleting the first row and first
column, which correspond to the absorbing state, 1. Let M = {m,;} be the inverse
of (I — G), where I is the ¢’ x ¢’ identity matrix. It can be shown [5] that M
exists and is given by

[e¢]

(37) M=) G
k=0
If we label the rows and columns of M using the integers 2, 3,4, ---, ¢’ and D,

m;; gives the average number of transitions into state j before absorption given
that the starting state is i. Summing up the elements of row i of M therefore gives
the average number of transitions before absorption, having started in state i.
Note that for all states except D, the time between transitions is Q seconds. The
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average time spent in D on each visit is Q/(a — b) seconds. Let v be a vector of ¢’
elements given by

Q

Q

(38) V=

Q/la — b)
Then, denoting the jth row of M as a row vector M;, it follows that
M; v, 2=sj=s¢,
(39) t; = i — &
! -———Q(‘;_Z))+t¢', i>¢.

The response function can therefore be obtained using (11), (12), (13) and (39).
To illustrate the flexibility of the model, we have sketched in Fig. 8 the
response function for a queueing discipline which is specified as follows:

5, i=0,

10, i=1,2,3,---,10,
20, i=11,12,13,---, 20,
0, i=21,22,23,---.

Note that there are four straight-line segments which correspond to the four
feedback positions.

RESPONSE

T21Q) A

T(110) |

Q) +
SERVICE

0 110 210

FI1G. 8. Response function of a scheduling algorithm with four distinct feedback positions
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6. Processor sharing. It is interesting to investigate the subclass of PRR
algorithms as the quantum size goes to zero [7]. In the limit, the arrival process
becomes Poisson and the service time exponential. Let 1, be the average arrival
rate and 1/u the average service time. The following probabilities hold [4] for

= Ao/p < 1t
P(n) = Prob (n jobs in the system)
(40) i
= (1 — p)p".
) Py(n) = Prob (n jobs in the system given that the system is busy)
=(1-pp" "

Consider a PRR system with parameter k. Up to a maximum of k jobs may
be sharing the processor equally. A new arrival that finds fewer than k jobs in
the system will immediately start service at the rate of 1 second of service for
each n seconds, where n is the total number of jobs in the system including the
arrival. If, upon arrival, the new job finds k or more jobs in the system, it joins
the end of the queue and moves forward at the rate of u positions per second,
which is the rate at which jobs terminate. Thus, if n = k, the average waiting time
is (n — k + 1)/u seconds. The average waiting time is therefore

@) W= ¥ (- k+ (1 - p)p

n=k

Let Z denote the average amount of time to receive one second of service once
a job has started to receive service. Then

k-1

@3 Z=S nl-pp kY (1= phpn

n=1 m=k

The response function is given by

(44) Tope(t) = W + Zt.

Substituting the expressions for W and Z into (44) and simplifying, we obtain
k (1 . k)t

(45) Tonal0) = 7 £

+ .
w1 — p) l—p

Examining Tpre(t) at extreme values of k, we find that

(46) ,}131010 Tore(t) = t/(1 — p),
and, fork =1,

p
47 Topp(t) = ——— + t.
@7 puall) =

Equations (46) and (47), as expected, are the response functions of the processor
sharing RR system [4] and the FCFS system [7], respectively. Figure 9 shows the
response functions for some members of the PRR family.
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RESPONSE
1 -
u(l - p)
€2
p
u(l = p) >
&
&
X
wl - p)
SERVICE

1/p

FIG. 9. Response functions of the processor-shared RR, PRR and FCFS systems

7. Swapping. A major source of overhead in time-shared computer systems
arises when the size of core is not sufficient to accommodate all the jobs awaiting
service. In this case, some jobs are held on a secondary storage device and are
periodically exchanged (swapped) with jobs that are in core so that they can
receive service in accordance with the scheduling algorithm. Since the model
under consideration is an infinite source model, swapping will clearly be neces-
sary. In this section we will obtain a measure of the rate at which swapping occurs
as the result of implementing an algorithm specified by a particular sequence 7.

We assume that a job which terminates must be swapped out of core. A job
that arrives will be swapped in immediately if position H(0) is in core. Otherwise,
the arrival will be placed in the portion of the queue which is held on a secondary
storage device and will be swapped in at a later time. Clearly, if the core size is
infinite, the only swapping that goes on involves arrivals and departures. How-
ever, we shall consider a more realistic system that has a finite amount of core so
that movement of jobs from the secondary storage device to core and vice versa
must be taken into account in determining the swap rate. Since every job that is
swapped in must ultimately be swapped out, the average swap in rate is equal
to the average swap out rate. It is therefore sufficient to determine the swap in
rate and double it in order to arrive at the average swap rate. Let J be the average
number of jobs that can reside in core simultaneously. In the following analysis
we shall assume that the first J positions in the queue are in core and the rest of
the queue is on a secondary storage device.

Consider an algorithm in which 7, > J. In this case, an arrival is swapped
in immediately only when it sees a queue length that is less than J. The following
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are mutually exclusive events which may happen at the end of a Q second interval
and which involve swap ins:
1. There is an arrival and the queue size as seen by the arrival is less than J.
2. The queue size is greater than J during the middle of the Q second interval
and the job receiving service is not fed back into a position in core, i.e., it
either departs or is fed back into a position out of core.
Event 1 results in the swapping in of the arrival and event 2 causes the job at
position J + 1 to be swapped in. There is no other event which will result in a
swap in. Denoting the average swap rate by A, it follows that A,Q is the average
number of swaps that must be performed for each Q second interval. For a
scheduling algorithm in which n, > J, we have

J—1 0
(48) 40 = 2[/10Q ZO P(n) + (1 —hy) ; P'(n)],
n= n=J+1
where
i i

Consider now the case in which n, < J. An arrival will be swapped in im-
mediately regardless of the queue length. Therefore, the events which involve
swap ins are:

3. There is an arrival.

4. There is no arrival; the queue size is greater than J in the middle of the

Q second interval; and the job being served is not fed back into a position
in core.
Events 3 and 4 are mutually exclusive and cover all possible events that result in
swap ins. Thus, for a scheduling algorithm in which ny < J, we have

(49) 40 = 2[/10Q + (1= 2Q)(1 —h) ¥ P’(n)],
n=J+1
where h; is as indicated for (48).
Equation (48) simplifies to the following:

(50) AQ = 2[20Q(1 — fpa’ ! — (1 = flpa!) + (1 = hy)pe’],
where f is given by (8). Equation (49) can also be simplified and is given by
(51) AQ = 2[AQ + (I — 20Q)(1 — hy)pa’].

8. Conclusion. A flexible feedback queueing model has been developed and
analyzed. Its wide range of performance is an attractive feature which can be
very useful in the design of computer systems. The analysis was made possible
using Markovian assumptions. Further work is required in analyzing the model
using more realistic assumptions. A more general extension of the model which
takes into consideration externally assigned priorities should prove to be an
interesting and challenging problem.
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ISOMORPH REJECTION ON POWER SETS*

DAVID M. PERLMANT

Abstract. If X is a finite set and G a finite group acting on X, then an action of G on P(X), the
set of all subsets of X, is induced in a natural way. An efficient generating algorithm is described
which, when incorporated into a backtrack procedure, produces a system of distinct representatives
for the action of G on P(X).

Key words. isomorph rejection, pattern generating, backtrack generators, minimal s.d.r.

Introduction. Let X be a finite set and G a group of permutations of X. The
group G defines an equivalence relation on X by

x ~ y if there exists a g € G such that gx = y.

A system of distinct representatives (s.d.r.) for the equivalence classes or orbits is
a subset A = X consisting of exactly one member of each orbit.

If D, R are finite sets and G acts on D, then G acts also on the set of functions
RP as follows:

if f € RP, then let (gf)(d) = f(gd) for allde D,

and Polya’s theorem (1] provides a means for computing the size of an s.d.r. A
for G acting on RP.

Side conditions imposed on this s.d.r. considerably complicate the com-
putation. Let B, be any subset of R and define

B = {gf|f€Bo,8€G}.

Clearly B is a union of G-orbits in R”, and if A is any s.d.r. for G acting on R®,
then we may let

Ag, = {fe€Alf¢ B},

and it is clear that the size of Ap_ is well-defined. S. G. Williamson [2] has provided
a means for determining the size of Ay ; however, the computation involves the
generation of an s.d.r. for the action of the group G on the power set of a certain
set.

Another application for an algorithm that generates an s.d.r. for the action
of a group on a power set is in the generation of A itself in the Polya case, or Ay,
in the setting of Williamson. For example, if R has only two elements, then there
is an obvious correspondence between RP and P(D). If R = {a, b}, then for
Y < D, we associate f € RP, where f “!(a) = Y. If R = {a,,a,, -+, a,}, then the
following recursive procedure can be used to generate A:

(i) generate all functions up to the action of G which assume one of the two

values a, or (not a,);
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